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PREFACE 


The modern theory of nonlinear phenomena is going 
through a period of explosive growth. Each “invention" in the field is 
disseminated rapidly, generating general interest and unexpected 
applications. This was for instance the case with solitons, strange 
attractors, and stochasticity. That scientists from each of the differ¬ 
ent branches of the theory of nonlinear phenomena should cooper¬ 
ate needs no proof, and the value of this cooperation could be seen 
at a conference held in Kiev on nonlinear and turbulent processes 
in physics.* The same approach has been adopted for this collection, 
which includes articles on regular nonlinear phenomena (vortices, 
solitons, auto-waves) and some on stochasticity and turbulence. In 
addition, the collection includes two mathematical articles that 
develop the Kolmogorov-Amold-Moser theory, the importance of 
which for the theory of nonlinear dynamic systems is undoubted. 

The articles are to some degree grouped around the nonlinear prob¬ 
lems of plasma physics and hydrodynamics, in their broadest sense. 

Hydrodynamics and plasma physics are traditional sources of 
exciting problems and ideas for the physics of nonlinear phenomena. 
We need only recall the classical examples of the discovery of soli¬ 
tons in shallow water, the exact integrability of the Korteweg-de 
Vries equation, and the discoveries of a strange attractor in the 
Lorcntz system and stochasticity in Hamiltonian systems with 
small numbers of degrees of freedom. 

These ideas and results, all stimulated by problems in hydrody¬ 
namics and plasma physics, quickly gained more general significance 
for physics as a whole. In turn, many new and efficient techniques 
are tested on such traditionally difficult subjects as turbulence. For 
instance, there is the recent application to turbulence of the renor¬ 
malization group methods, which were successfully employed first 
in field theory and the physics of phase transitions. 

Finally, all this culminates in general fund of knowledge in the 
physics of nonlinear phenomena. I hope that the publication of 
this collection will advance the progress of physics. 

R.Z. Sagdeev 


• Nonlinear and Turbulent Processes In Physics, Vols. 1-3, ed. 
R, Z Saedoov, Harwood Acadomic Publishers, Now York, 1984. 



Vortices in Plasma and Hydrodynamics 

A. B. Mikkailovskii, D. Se. (Phys.-Math.) 


1.1. INTRODUCTION 

Problems on magnetized plasma often deal with low- 
frequency potential (electrostatic) waves propagating across (or 
almost across) an equilibrium magnetic field B ? . Waves are said to 
be low-frequency (with respect to electrons or ions) if their charac¬ 
teristic frequency <■> is low as compared with the cyclotron fre¬ 
quency <n B of corresponding particles. Waves are called potential (or 
electrostatic) if their electric field E is, with an adequate accuracy, 
a potential one, i.e. 

E = -v*. (1.1) 

where £ is the electrostatic potential. 

Under the action of the fields E, B„ particles (electrons or ions) 
acquire a transverse velocity V x defined by the equation of motion 

e,l. (1.2) 

where M, e are the mass and charge of particles, respectively, u B = 
cBJMc the above mentioned cyclotron frequency, c the velocity 
of light, e, the unit vector along the magnetic field (it is assumed 
that B, || *), dldt = d/dt -f W. V = V x + e r V, the total velocity 
of a particle, and V. its longitudinal velocity. The considered plasma 
component is assumed to be cold and collisionless. For low-frequency 
waves and V , = 0, Eq. (1.2) approximately implies 

Vr = V E + V„ (1.3) 

where V E is the velocity of an electric drift or of a cross field drift 
defined by the following equation: 

V E =e[E, t,VB a =-c[Vi, e,]/B„ (1.4) 

V, stands for the inertial part of the transverse particle velocity 

(!•»> 




djdt - dldt -i- V B V. 


(1.6) 
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Equation (1.4) implies that 

div V, - 0 (1.7) 

curl,V* = — (1.8) 

where = d'ldz* + d'/dy The motion of the relevant plasma 
component is seen to be approximately vortical, hence thelow-fre- 
quency potential waves are one of the versions of plasma vortices. 

The class of low-frequency potential waves in magnetized plasma 
is fairly extensive, yet the special place among those is occupied 
by drift waves due to their role in an enhanced (anomalous) plasma 
transport across magnetic field. The drift waves have been predict¬ 
ed by Rudakov and Sagdeev (1.11, later they were in great 
detail investigated in many theoretical papers (see 11.2). Cli. 6 
and 11.31). The theory of drift waves was experimentally cor¬ 
roborated by Buchel'nikova (1.4), D'Angelo [1.51 and many other 
authors. The simplest dispersion relation for drift waves has the 


( 1 - 9 ) 


where k is the wave vector, V, t the electron drift velocity due to 
density gradient, p 0 the ion Larmor radius due to electron tempera¬ 
ture, = ki -)- A-J, x the direction of plasma inhomogeneity, and y 
the “drift'' direction. Theoretical studies on the anomalous plasma 
transport across magnetic field due to drift waves are reviewed 
in 11.61. 

In many respects the above motion of charged particles is similar 
to a two-dimensional motion of a shallow incompressible rotating 
fluid placed in gravitational field. The hydrodynamic analogue of 
the equation of motion (1.2) is the following one (1.7): 


dVIdt = -gVH + f (V, e,l, 


1 ( 1 . 10 ) 


where g is the gravitational force, H the fluid depth, and / the Corio¬ 
lis parameter. Similar to (1.3), when d/dt</, Eq. (1.10) implies 
V = V„+ V, (1.11) 

where V D , V, are the drift and inertial velocity components defined 
by the relations 

v„-fiw.«,l. (1-12} 

v,.*£«-] ( 1 - 13 ) 

while djdt is defined by an equation like (1.6), with the substitution 
V E V D . In an approximation both of g = const and of waves 
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having a characteristic scale small as compared with the character¬ 


istic size of a change in the Coriolis parameter we have 

iVln H | > |V In / | (1.14) 

and it follows from (1.12), similar to (1.7) and (1.8), that 

divV D =-yl Vln/. Vff]„ (1.15) 

curl,V D -—tAxff (1.16) 

It is seen that in this approximation we have 

Icurl, V]»| » |div V D |, (1.17) 


i.e. the two-dimensional fluid motion, just as the above plasma 
motion, is vortical too. 

The indicated analogy in the character of motion of magnetized 
plasma and rotating fluids is also supported by an analogy in their 
wave properties. In this connection of importance is the existence 
of a hydrodynamic analogue of drift waves, this being Rossby 
waves [1.81. To derive the dispersion relation for the latter, let us 
supplement the above Eqs. (l.ll)-(l. 13) by the continuity equation 
that in this case lakes the form 11.7) 

dllldt + div (ffV) = 0. (1.18) 

Substituting (1.11)-(1.13) and linearizing the resultant equation, 
we arrive at a dispersion relation, similar to (1.9), with the sub¬ 
stitutions 

Po -*■ r B> V. t -*.V K , (1.19) 

where r R is the Rossby-Obukhov radius, and K n is the Rossby veloci¬ 
ty defined respectively by the relationships 

(),20) 

where H 0 is the equilibrium fluid depth. 

The establishment of the analogy between drift and Rossby waves 
has a curious history. According to Nozlin, this analogy was first 
indicated by Leonlovich at the beginning of the 1960s. However, 
this remark by Leonlovich was mado in private and played its role 
only in the early 1980s (!), when Nozlin and coworkers started labora¬ 
tory studies on Rossby waves (the cssenco of these experiments will 
be discussed later). The first published paper, where the above anal¬ 
ogy was revealed, was the paper by Hascgawa el al. 11.91, from 
which, howover, followed that this analogy had boon identified not 
by the authors themsolvcs, but by Taniuli whom they thanked for 
the relevant information! 
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•™« »nd Hydrodynamics II 

Tlio analogy botween drift and Rossby waves serves as a prerequi¬ 
site for an interchange by conceptual and methodical achievements 
between the theories of hydrodynamic vortices and magnetized plas¬ 
ma. Also, it is clear that the hydrodynamic vortices observed in 
naturo and in the laboratory can be considered as models of wave 
processes in magnetized plasma and that, vice versa, there oxists 
a possibility of the plasma simulation of hydrodynamic vortices. 
The real picture of this interchange, however, is not so symmetric as 
the above staled one in the sense that until now plasma physics has 
borrowed from hydrodynamics much more than it has returned. 
Therefore, within our presentation, at the interface between the 
theories of plasma and hydrodynamic vortices, our main aim is to 
oxplain what impetus hydrodynamics has given to plasma theory. 

The interplay of plasma physics and hydrodynamics has settled 
the issue on the possible existence of regular (ordered) drift struc¬ 
tures ns well os assisted in affirming the solilon trend in the theory of 
drift waves and thus undermined the conventional approach to 
this theory, which is based on the concepts of turbulence theory 
11 . 10 , 1 . 111 . 

The issue of regular drift structures has a long history. Such struc¬ 
tures in the form of high-amplitude sawtooth oscillations were in due 
time observed by Buchel’nikova (1.41. An important stage in the 
theory of regular drift structures was also the shaping of ideas about 
convective cells in magnetized plasma (1.121 (sec also (1.13, 1.141). 
It is important for our subsequent presentation to indicate that the 
nonlinear terms taken into account in the papers on convective cells 
have n structure of type (Va, Vi),, where a and 6 are certain functions 
characterizing wave field. Such a nonlinearity con be called a vector 
one as opposed to the nonlinearity of type which we will call 
a scalar (or ordinary) one. 

The vector nonlinearity enters also into the equations for Rossby 
waves. Larichev and Reznik 11.151 were engaged in studying Rossby 
waves, with the vector nonlinearity included. They have demonstrat¬ 
ed that the vector nonlinearity, liko the scalar one. can play a local¬ 
izing role, i.o. can result in the formation of solilons. The transfer 
of the concepts concerning ''vector" solitons (1.151 to the physics of 
drift and driftlike waves in magnetized plasma is indeed one of 
tho main outcomes of the interaction between the theories of plasma 
and hydrodynamic vortices. 

Tho soliton trend in the theory of drift waves was also tangibly 
supported by laboratory experiments on Rossby waves conducted by 
Nczlin et at. (1.1C, 1.171. Their activity was fostered by tho problem 
of Jupiter’s Great Red Spot, on tho one hand, and by the above 
analogy between Rossby and drift waves, on tho othor. Tho duo 
account of both these facts and the rolo of Rossby waves in the 
physics of atmosphere, oceanology, ns well as the problom of holio- 
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magnetic dynamo have led the authors of (1.16, 1.171 to the general 
physical understanding of the problem of the laboratory simulation 
of Rossby waves. In other words, the main aim of theso papers was 
to get information on the most fundamental properties of Rossby 
waves. These properties include the possibility of the formation of 
regular Rossby structures and, above all, solitons of Rossby waves. 
The experiments 11.16, 1.17) afforded conclusive evidence of tho 
existence of these solitons and affirmed the idea that analogous struc¬ 
tures in magnetized plasma do exist. As to the purposeful experi¬ 
mentation with the solitons of drift waves, until now this has not 
been done. 

The ensuing presentation can be treated as an introduction into the 
theory of the Rossby wave solitons and of corresponding types of 
magnetized plasma solitons. Section 1.2 discusses the structure of 
nonlinear equations for Rossby waves, Sec. 1.3, nonlinear equations 
for drift waves. The magnetized plasma vortical structures, duo to 
vector nonlinearity, are considered in Sec. 1.4, while those due to 
scalar nonlinearity, in Sec. 1.5. This treatment is performed for 
the simplest instances of electrostatic vortices. An advanced picture 
of these vortices is presented in Sec. 1.6, while Sec. 1.7 shows that 
the properties similar to those of Rossby vortices are inherent not 
only in electrostatic vortices but also in some versions of electro¬ 
magnetic vortices. 

Our exposition concerns, mainly, stationary vortices. A part of 
modern research is dedicated to the problems of the stability and 
relaxation of vortices. The results of these and some other studies 
will be exposed in Sec. 1.8. 

1.2. NONLINEAR EQUATIONS FOR ROSSBY WAVES 

Assuming the Ouid depth perturbation H to be small as 
compared with the equilibrium depth H t , i.e. H<g.H 0 , by (1.11)- 
(1.13). (1.18) we get 

-sr+ 1 '«<*+ ») rh (-i + V»v) 4,4.0, (1.21) 

where h b HlH 0 and the role of V D is played by (cf. (1.12)) 

Vo-42l [V», (1.22) 

Equation (1.21) contains two types of nonlinearity: the vector one 
related to V D and the scalar one (ordinary), i.e. the term with h dhldy. 
Equation (1.21) without the latter term, i.e. the equation like 

(i+ , '«£)*-''>(7r+ v »vK*-o. 


(1.23) 
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has been derived in 11.181 and is often called the Charnoy equation. 
The scalar nonlinearity in the Rossby wave equation becamo to be 
accounted for starting from the works [1.19, 1.201. Clearly, it ie 
important if only k^rh'Cl and e> as kyV n . 

For stationary travelling waves, i.e. at ft = h (x, y — Ul), where U 
is the wave velocity, Eq (1.21) yields 


where 


DA x h- A dhldy + S dhVdy = 0. 

6=jf+ ! jrhivh,v\., 


Introducing the notation 

F — A x h - Ah + Sh\ 
we notice that (1.24) can be represented a 
[ VP, V (h + */*„)), = 0, 

where 

z 0 a gH 0 lfU. 


(1.24) 

(1.25) 

(1.26) 

(1.27) 

(1.28) 

(1.29) 

(1.30) 


Whence it follows that 

A x h-Ah + Sh * = C (h + */*„), (1.31) 

where C is a constant that can have different values in different space 
regions. Thus, if integrated, Eq. (1.24) can be reduced to a combina¬ 
tion of simpler equations similar to (1.31). Such an integration at 
S = 0 was performed, in particular, in (1.151 and at I ^ 0, in 
[1.20, 1.211 and in a number of other papers. 

Let us distinguish between the situations with C 0 in a certain 
space region and those with C n 0 for all x, y. In the first case, the 
scalar nonlinearity in (1.31) often proves to be of little significance. 
By neglecting it, Eq. (1.31) gives 

Ajfc - Ah = C(h + x/x„). (1.32) 

Here the problem of stationary structures is reduced to finding 
solutions of the linear Eq. (1.32) in the relevant space regions and 
to their matching at the interregional boundaries. The equations 
similar to (1.32) are due to a vector nonlinearity. In this context the 
stationary structures described by such equations will be termed 
vortical structures or, simply, vector vortices. 

For CeO Eq. (1.31) yields the following relation: 

Ajfc — Ah + Sh' = 0, (1.33) 
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which, unlike (1.32), is the same lor all x, y. Here the term with vec¬ 
tor nonlinearity in (1.24) vanishes identically. In this connection the 
stationary structures described by Eq. (1.33) will be termed scalar 
vortical structures or, simply, scalar vortices. 

1.3. THE SIMPLEST NONLINEAR EQUATIONS 

FOR DRIFT WAVES 

Let us consider the simplest plasma problems leading to 
the equations of the type (1.23), (1.32) and (1.33). 

Above we have derived formulas (1.3)-(1.5)fortho transverse veloc¬ 
ity of charged particles in the Geld of a low-frequency electrostatic 
wave having a potential f. To derive a closed equation for let us 
supplement these formulas with the continuity equation for the 
appropriate plasma component (cf. (1.18)): 

dn/dt + div nV x = 0, (1.34) 

where n is the density of this plasma component. Putting V x from 

(1.3) -(1.5) we arrive at the following equation: 

div V, + d t nldl = 0, (1.35) 

where the operator djdt is deGned by Eq. (1.0). Using (1.5) and (1.1), 

(1.4) we Gnd (cf. (1.7)) 

dhT '-££“ rt - v «—:I'- 36 ) 

Accounting for n = n # + d, where n 0 , ft are the equilibrium and 
wave density parts, respectively, and assuming | ft j /i„, we gel 
from (1.35) the following: 

^-curl,V a +e. B VEVlnno+-^-T7 L -0. (1.37) 

Thus wo have approached our aim, i.c. the derivation of tho closed 
equation for The regular procedure of the next stage requires Pois¬ 
son’s equation (and at a sufficiently large equilibrium plasma densi¬ 
ty—the quasi-neutrality condition) and the calculation of the wave 
part of the second plasma component density. Tho procedure will be 
explained somewhat later. As to now, for simplicity of the exposition 
we will assume that only one plasma component is involved in the 
wave motion and, besides, we will restrict ourselves to the case of 
quasi-neutral waves. Then 

n = 0, (1.38) 

while Eq. (1.37) reduces to a closed equation for ^ which is written as 
(-sr+-£ w ’ (1.39) 
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For stationary waves, i.e. when <f> = f (*, T)), q b y — Ut, Eq. (1.39) 
£&if-Aty/0i|, (1.40) 

d =-k-Trn;W’ v, « <*- 41 > 

A = <a B x„IU. (1.42) 

The comparison of (1.42) with (1.9) clearly shows that formulas (1.40)- 
(1.42) describe the drift waves with a characteristic size being smaller 
as compared with p„ with ^ipo^ 1. 

Now let us clarify what effects are associated with n ■/= 0. Till now 
it has been insignificant for us, what kind of particles is described 
by Eq. (1.37), electrons or ions. Now we will specify our problem by 
assuming that this equation is associated with ions and will mental¬ 
ly put into (1.37) ion indices at <o B and n. In this case Eq. (1.37) 
must be supplemented with an equation for electron density. The 
electrons arc assumed to be distributed in the field of the potential f 
according to the Boltzmann law, i.e. 

n, = n, exp (— eJIT,). (1.43) 

We take VT, = 0. On calculating n, by means of (1.43) and allowing 
for the quasi-neutrality condition we substitute the final result 
in (1.37). Then in place of (1.39) we obtain 

(Sr+i- W, V].) a.* - -h 45-) -0. (i.«> 

This equation was obtained in (1.22, 1.231 and it is often called the 
Hasegawa-Mimo equation. It describes the electron drift waves (or, 
simply, drift waves) which in the linear approximation are character¬ 
ized by the dispersion relation (1.9). The Hasegawa-Mima equation 
is analogous in structure to ihe Charncy equation (1.23) for Rossby 
waves. This analogy was stressed in 11.91. When $ = $ (x, q), 
Eq. (1.44) can be reduced to the (1.40) form with 



At a> i.e. at fc* x pj> l.Eq. (1.45) can be reduced to (1.42). 

In the inverse limiting case of long waves, i.e. at 4\pJ C1, of 
importance can be scalar nonlinearity, i.e. the terms analogous to 
hdhldy in Eq. (1.21). 
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For stationary waves * = * (z, q) and one can find the equation 


(cf. (1.24)) 

—A d*/dq + S d**/dq = 0, (1.46) 

where D and A are given by (1.41) and (1.45), while the expression 
for 5 has the form (cf. (1.27)) 

s= ~m#r ^r- t 1 - 47 ) 

Similar to (1.32) and (1.33), Eq. (1.46) yields the equations 

Ax* —A* = c(*--^x), (1.48) 

Ax*-A*+S*‘-0 (1.49) 


describing vector and scalar structures in magnetized plasma, respec¬ 
tively. 

1.4. VECTOR VORTICAL STRUCTURES 

Now we turn to the analysis of vortical structures described 
by equations like (1.32) and (1.48). Along with the Cartesian coor¬ 
dinates x, q there will be also used the polar coordinates r = (x* + 
q*) l/f , 6 = tan -1 (q/x). Following (1.15), for simplicity we will 
confine ourselves to the case of "two-layer" structures, i.e. two regions 
corresponding to different values of the constant C. The vortices of 
a more involved structure (“three-layer" vortices) see, c.g. in 11.24) 
and (1.251, Sec. 2.3. 

For spatially localized (solitary) vortices, let us introduce the 
notion of external and internal regions of a vortex assuming that 
these regions are separated by a certain spatial curve r = r (0) and 
that C = 0 in the external region. (In this statement of the problem 
our analysis omits the localized vortices in a flow with a nonuniform 
velocity profile like those found in (1.21,1.261.) Then for correspond¬ 
ing regions Eqs. (1.48) combined will take the following form: 

I A*. r>r(6), 

= I A* + C(*-Ufl„x/c), r<r(6). (1 ' 50) 

At r = r (0) the potential *, its derivative with respect to the nor¬ 
mal n to the interregional boundary, nV*. and A x * are all assumed 
to be continuous, i.e. 

{*, nV*, Ax*}If -0. (1.51) 

The continuity conditions for * and A a * as well as Eq. (1.50) imply 

that the function r (0) should satisfy the relation 

* (r (0), 01 = (UB„lc) r cos 0. (1.52) 
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An important vortex type is the dipole one, i.e. that with 

$ (r, 0) = <I) cos 0, (1.53) 

where O = <I> (r) is a (unction of radius r. Here the condition (1.52) 
is satisfied at r (8) = a. where a is a constant termed vortox radius. 
According to (1.52), this constant is determined by the equation 

d> (o) - UBtole. (1.54) 

For a dipole vortex Eq. (1.50) means 

f (PW*. r>o, 

as*) 

where P and y are related to A and C os follows: 

P* = a’A, (1.56) 

Y’ = —aMA + C). (1.57) 

It is clear that £ is vanishing at inAnity only if P : > 0, i.e. 

A > 0. (1.58) 

It follows from (1.55) that 

( K t (rfila)IK t m. r>a, 

<1>(r) = <f>(a) < /, ■ PM r 0» A(ry/«l (1.59) 

M 1 + y’ I « v 1 A(Y) ’ ^ ' 

where /, and K , are the Bessel function and modiAed Bessel function 
of the second kind (McDonald function), respectively. At 4> (r) like 
thai in (1.54) the Arsl and third conditions from (1.51) arc satisfied 
for arbitrary y (i.e. for arbitrary C). To satisfy the second condition 
of (1.51) needs the following relationship between y and p to be valid: 

K, <P)/P*i (P) = - J* (y)V. (Y). (1-60) 

A remarkable properly of the dipole vortex is that Eq. (1.46) 
reduces to the one-dimensional one (1.271. To see that it is so we 
substitute (1.53) into (1.46). In terms of 

X b cdHUBs, I = r.AV* (1.61) 

the resultant one-dimensional equation can be written as 

<i-x)X-+X'X'-X'+A[x'>+(i-x)(x--4:)]~o, u.ra) 

where the prime means the derivative with respect to 1. The point 
E = !«• where X (| 0 ) = 1, is seen to be a singular point of Eq. (1.62). 
Referring now to (1.61) we see that this singular point is nothing else 
but the boundary between external and internal regions of a vortex, 
i.e. the point r = a. 
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Equation (1.62) can be also represented as 

( l_*)=(-E=S+ffiL)'_o. (1.03) 

At l So Eq. (1.63) is trivially inlegrable to agree with (1.48). It 
is clear from (1.63) that mathematically the discontinuity of solu¬ 
tion (1.59) is due to the above singular point. It is also clear that to 
construct a smooth (analytical) solution needs to supplement 
Eq. (1.63) by terms with higher derivatives with respect to X having 
coefficients not vanishing at | = g 0 . 

The solution similar to (1.53), (1.59) has been obtained by Larichev 
and Reznik |1.15) in the case of Rossby waves having a specific 
scale small as compared with the Rossby radius. The notions of dipole 
vortices have been carried over from hydrodynamics to plasma phys¬ 
ics by Makino et al. (1.281 who considered the case of drift waves 
with A of the form (1.45). 

1.5. SCALAR VORTICAL STRUCTURES 

Now let us consider some consequences from the equation 
of the scalar vortical structures (1.49). We assume the waves described 
by this equation to be spatially localized in the x, q-plane. In a suffi¬ 
ciently remote peripheral region Eq. (1.49) transforms into a linear 
equation similar to the first equation of (1.50). Therefore for scalar 
structures, as for vector ones, the condition of ^ being bounded at 
infinity means A > 0 (cf. (1.58)). 

Multiplying Eq. (1.49) by ^ and integrating over space we 
arrive at the integral form 

Jl(V A *)*+A**-S**]dr = 0. (1.64) 

Whence, taking into account A > 0, for the solilons with a sign- 
constant <f> we will obtain 

sgn ^ = sgn S. (1.65) 

The problem of scalar vortical structures can be analytically ex¬ 
amined at d i !dx- < d*/5q s , when in place of (1.49) we have 

d'f/dt] 1 — A* + 5^* = 0. (1.66) 

In this case it is feasible to discuss one-dimensional t|-slruclures. 
Equation (1.66) has the soliton solution 

l = * a /cosh* (xq/2), (1.07) 

where x * AV* and the maximum potential amplitude is defined 
by 

= 3 A/25. (1-68) 
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An interesting consequence of tlio equation of scalar vortical 
structures <1.40) is that it permits of the cylindrirally symmetric 
solutions like <f> = $ (r) corresponding to soli ions known os "round'. 
Then Eq. (1.49) takes tlio form 

T-17 (’ r if )-•'*■-«**• (<-eo> 

The possibility of the round solilons of Rossby waves in a rotating 
fluid was investigated in 11.19. 1.201 (see also 11.291). 

In addition to a single round .soliton, Eq. (1.49) also describes more 
involved two-dimensional structures and, in particular, two-dimen¬ 
sional chains of solilons. This was indicated in 11.301, where the appro¬ 
ximate solution of Eq. (1.49) was found in the form 

a _f | , ecos(/5x£/2) 1 .. - A . 

* cosh' ixq/ 2 ) L * ‘ coah |xn/2> J ’ ( ■ 

where f is an arbitrary small parameter, while and x arc the some 
as in Eq. < 1.67). The solution (1.70) corresponds to a chain of 
solilons localized in q. 

1.6. FURTHER DEVELOPMENT OF CONCEPTS 

CONCERNING ELECTROSTATIC VORTICES 
IN PLASMA 


The above mentioned papers by Larichev and Reznik II-15J 
on the solitary vortices of Rossby waves and by Hasegawa el al. 
11.91. referring to the analogy between nonlinear equations for drift 
and Rossby waves, substantially influenced the development of the 
notions concerning vector vortical structures in the physics of magne¬ 
tized plasma. As has been staled above, the first step in this direction 
was made by Makino el al. 11.281. The notions were corroborated in 
plasma physics by the works of Meiss and Horton 11.31), Pavlenko 
and Pclviashvili (1.321. The paper [1.311 continued the analysis of 
the problem of drift vortices (1.281. The authors of 11.311 assumed 
that the drift wave potential is dependent on the variables x, q, 

q = j ,-Ut + az (1.71) 

(a is a certain constant). Thereby they generalized llie results of 11.281 
to the case of a 0 corresponding to drift waves intermixed with 
ion-acoustic waves. Here, unlike (1.45), we have 


V., <z*CJ \ 

~u -- / • 


(1.72) 


where C, is the ion sound velocity. In (1.321 drift-flute modes (a = 0) 
were studied in an inhomogeneous plasma placed in crossed magnetic 
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and gravitational fields (usually, tlie gravitational field is intro¬ 
duced into the plasma \va%'es problem to simulate the effects of magnet¬ 
ic field curvature 11.21). The authors of 11.321 have demonstrated 
that the drift-flute modes con also have the form of solitary vortices 
of the type considered in (1.151. (The concrete results of (1.321 are 
inaccurate, see criticism in (1.301.) 

According to (1.55), in an external region of the vortex potential $ 
is specified by the equation 

= x*f. (1.73) 

where x is a certain real constant (x 5 = pVa*. see (1.56)). Therefore 
for the indicated vortex region Eq. (1.50) yields 

A = x*. (1.74) 

where, generally, A = A (U, a) (sec (1.72)). The relationship like 
(1.74) formally coincides with the dispersion relation of a linear 
approximation for the waves of frequency <■> and wave vector k accu¬ 
rate to the substitution 

x*—-** x , U-f <olk t , a-*- kjk„. (1.75) 

This is why (1.74) can be called a modified dispersion relation (MDR). 
It is clear from (1.74) that for the problem of solitary vortices of 
interest are only such waves in plasma for which (cf. (1.58)) 

A (U, a) > 0. (1-76) 

For example, for a A like that in (1.45) the condition (1.76) corre¬ 
sponds to waves both propagating in the same direction as V. t and at 
a velocity exceeding i.e. 

UIV„ > 1, d-77) 


and propagating in the opposite direction to V*,, i.e. 

UIV M < 0. (1-78) 

Also of importance is the question on what other wave modes in 
magnetized plasma the vortical structures can be realized. It follows 
from Secs. 1.1 and 1.3 that such waves should possess the following 


V (i) They should be low-frequency and long-wavelength ones, at 
least with respect to one of the plasma components (ions or electrons). 

(2) Generally speaking, in such waves the transverse inertia ol 
a relevant plasma component should be quite essential (an exception 

t0 (3)*The electric wave field perpendicular to the equilibrium magnetic 
field should be, if only approximately, a potential one. 

Let us illustrate these properties and the condition (1.78) with 
reference to searching for solitary vortices of purely electron wavM 
It is well known (1.34) that a homogeneous plasma with a fairly high 
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density ((Oja'S* (oJ e ) has a mode of electrostatic low-frequency 
waves that propagate almost perpendicularly to the magnetic field 
and are described by tho dispersion relation 

o>* = (olaA-’/Aj, (1.79) 

where o>b«. “p» or e the cyclotron and plasma frequencies of electrons, 
respectively. Such waves possess the above properties (l)-(3), 
yet for thorn, according to (1.74), (1.75), and (1.79), we have 

A= — a J 4/(/!<0. (1.80) 

Therefore on this mode the solitary vortex like (1.53), (1.59) is not 
realized. Given the equilibrium plasma density gradient, dnjdx ^ 0, 
we have, in place of (1.79), the following dispersion relation [1.21: 

CO* + 0>A- y X n <i)BeM J i = (1.81) 

Thereby 

A = (cKi>B«/t0 2 (£/x B /a*<OB«— I)- (1.82) 

It is seen that for a fairly small a (or for a fairly large x„) and for an 
appropriate sign of U the condition A > 0 con be realized that is 
necessary for a solitary vortex to exist. Note also that as a-*- 0 
Eq. (1.82) transforms into (1.42) (with the change cub* o>b). there¬ 
fore tho purely electron vortices are an exact analogue of the above 
mentioned short-wavelength Rossby vortices. 

Thus the situation concerning the drift-flute vortices mentioned 
above in connection with [1.321 is as follows. The drift-flute waves 
possess the properties (l)-(3). The dispersion relation for the simplest 
case of such waves is 11.2) 

a, 2 = (1.83) 

where I' 2 = — gx n is the squared growth rate of the flute instability 
and g Ihe gravitational force. It follows both from (1.83) and the 
correspondence rules (1.75) that 

A = r s /(/ 2 (1.84) 

so that for T 2 > 0 (i.c. with the flute instability present) condition 
(1.70) is satisfied. 

Equation (1.83) refers to the waves with a> > A„V.,, where V. t is 
the ion drift velocity. At w a* we have instead of Eq. (1.83) 
o> 2 -<oty'.i = - r 2 *}/**!. (1.85) 

Thereby 

A = T VUiU-V.i). (1-86) 

It can be seen that at (/ < V,, a drift-flute vortex is also realizable 
at T 2 < 0, i.e. with the flute instability absent. 



A. B. UlkhallomkU 


The examples considered are indicative of the substantial role 
played by a plasma inliomogeueily in the problem of solitary vortices. 
The inliomogeueily cither modifies “nonsolilon" wave types into the 
“soliton" ones or lends to novel wave types possessing soliton proper¬ 
ty. In physical terms, these penomonn are due to the gradient or 
drift effects, tho same effects that result in gradient or drift instabil¬ 
ities (1.2). 

This, however, does not imply that solitary vortices are feasible 
only in an inhomogeneous plasma. Consider, c.g. the ion-acoustic 
waves with a finite k ± p 0 . Such waves obey the following dispersion 
relation: 

«* = klCl (1 - (1.87) 

under the assumption that &lp|«l. Here 



the latter being a special case of Eq. (1.72) os V .,-► 0. Equation 
(1.88) shows that ion-acoustic solitary vortices with a finite A- X p 0 
can exist. This is also supported by the analysis made by Mciss 
and Morton [1.311. 

The above general approach to the theoretical search for concrete 
types of solitary vortices in magnetized plasma has been formulat¬ 
ed in (1.271, where tho initial equations for a wide family of vector 
vortices have been derived, both of electrostatic vortices discussed 
here and of electromagnetic vortices considered in Sec. 1.7. 

The paper (1.27) was preceded by brief communications [1.33, 
1.35, 1.36). In (1.351 emphasis is placed on short-wavelength drift 
vortices of vector type. Such vortices are characterized by A’s like 
those of (1.45), yot with the substitution of ion subscripts for elec¬ 
tron ones and vice versa. These have specific dimensions being much 
smaller than tho ion Lormor radius. In (1.331 purely electron electro¬ 
static vortices with A’s like those in (1.42) are considered. The 
work [1.361 deals with electromagnetic vortices, therefore we will 
comment its results in Sec. 1.7. 

1.7. ELECTROMAGNETIC VORTICES 

Let us return to formulas (1.7) and (1.8) favouring the 
vortical nature of the motion of charged particles in the field of 
low-frequency electrostatic waves and let us consider the sensitivity 
of these formulas to the assumption on the potentiality of the 
waves expressed mathematically by the equality (1.1). Notice that 
the first formula from (1.4) for V E only involves the components of E 
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transversal lo B 0 . Therefore Eqs. (1.7) and (1.8) are also valid for 
nonpotential waves with an electric field like 

Ei = — Vx*. E t = -cty/dz, (1.89) 

where t|> ¥= f- (The subscript j_ indicates the components perpen¬ 
dicular to the equilibrium magnetic field.) Here we also have the 
wave magnetic field B x perpendicular to B 0 , this corresponding lo 
the bending of the lines of the total magnetic field B = B 0 + B. 
According to the Maxwell equations, the field B x is related to 
and i|) by the following equations: 

Tr _ -'irlV»-V>- '.!• <<•*» 

Vortices with B x ¥= 0 are one of the types of electromagnetic 
vortices in magnetized plasma. For such vortices, as noted above, 
the drift particle motion is strictly incompressible, i.e. div V E = 0 
(see (1.7)). Another type of electromagnetic vortices is discovered at 
div V E ¥= 0, (1.91) 

i.e. in the class of compressible perturbations. The relevant vortices 
can be termed compressible. However, when speaking of compres¬ 
sible vortices, we, similar to Rossby vortices, assume that the 
compressibility is weak, i.e. (cf. (1.17)) 

|curl,V E | » |div Vg|. (1.92) 

Generally speaking, the problem of compressible vortices should 
include the z-component of the wave magnetic field B, 

B, # 0. (1.93) 

In this case, for V E one should use the expression (cf. (1.4)) 

V, = c IE, Bl IB\ (1.94) 

where B is the total magnetic field. Equation (1.94) implies that 
div Ve= —-Jr -^7 —eEcurl-jr. (1.95) 

In the simplest case of a uniform equilibrium magnetic field, with 
nonlinear terms neglected, Eq. (1.95) means 

diW«=<<■*> 

this favouring the above relation between the compressibility con¬ 
ditions for plasma, (1.91), and those for magnetic field, (1.93). 
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One instance of electromagnetic vortices with B, =fc 0 is the 
ballooning vortex [1.36). The latter is specified by the relation 

A=»r*/(£/2_a*Ci), (1.97) 

where C K is the Alfven velocity and T is defined in Sec. 1.6. The 
comparison of (1.97) with (1.84) demonstrates that the ballooning 
vortex is a generalization of the flute vortex to the case ofogtO. 

Another instance of electromagnetic compressible vortices is purely 
electron gradient vortices (vector and scalar ones) in strongly inho¬ 
mogeneous plasma treated in [1.37). The linear dispersion relation 
for such waves is 


“ = • (1.98) 

where u„ = — x„c j <ob*/< | )Jo and <Op, is the electron plasma frequ¬ 
ency. The vortices of waves like those in (1.98) are described by 
Eq. (1.24), where the role of function h is played by the quantity 
h = B t IB„, while the operator D and the coefficients A and 5 are 
given by the relations 


^t v/ *. (i-w> 

A = (!--$!-) , (1.100) 


S . 


(1.101) 


The problem of electromagnetic vortices was also considered in 
[1.38-1.40]. In [1.381, based on equations derived in [1.271, two- 
potential vortices with (^, \f) # 0, =/= if (see (1.89)) were studied. 

The works [1.39, 1.401 continued the studies of ballooning vortices 
initiated in 11.36). In 11.39). in place of gravitational force, 
a real curvilinear magnetic field of the toknmak type was used. In 
(1.40), a longitudinal perturbed magnetic field, B. 0, was includ¬ 
ed, as well as drift and magnetodrift effects due to a (ante ion tem¬ 
perature, this being important for plasma with a finite value of 8 
(8 is the ratio between plasma and magnetic field pressures). 


1.8. CONCLUSION 

Thus, as a result of raany-years’ hydrodynamic studies on 
Rossby waves and of the plasma physics research on drift waves, 
common fund of knowledge has emerged that is used and developed 
by researchers in both fields, hydrodynamics and plasma physics. 
Above we have traced the history of initiating this fund and have 
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exposed the notions of basic research objects, i.c. vector and scalar 
vortical structures whose simplest versions arc dipole and round 
solitary vortices. 

The notions of the solitary vortices of llossby and drift waves 
were formed when the theory of the simpler types of solitary waves 
described by intcgrablc models, i.c. solilons, was constructed. 
Therefore, researchers studying solitary vortices wanted to clarify 
(and still do) to what extent the properties of those vortices are 
similar to those of ordinary solilons and, in particular, whether 
collisions between vortices are elastic ns is the case with ordinary 
solilons. Tho issue has been settled for dipole vortices in the frame¬ 
work of Eq. (1.23) in tho papers by Makino el al. 11.281 and by 
Larichev and ltoznik (1.411, where the clastic nature of collisions 
between such vortices has been established by numerical simulation. 
The collisions between round vortices were studied experimentally 
(1.17. 1.421 and by numerical simulation within the framework of 
Eq. (1.21) (1.43. 1.441. All these investigations have resulted in 
a conclusion that under rather low relative velocities vortices collide 
elastically, while at rather high velocities vortices fuse. However, 
the papers (1.17, 1.42) stress the inelastic nature of vortex interac¬ 
tion. These papers also indicate that the convergence of vortices 
can result not only in their fusion, but in their destruction and 
reorganization into a zonal flow as well. 

The above-mentioned studies on the interaction between vortices 
are the outcome of analyzing the problem of vortices within the 
conventional theory of solilons. However, al the interface of the 
theory of solilons and the theory of vortices we consider the ordinary 
solilons within the theory of vortices and can clarify whether some 
of those soliton types possess vortical properties or not and, in 
a more narrow context, whether the vector nonlinearity dealt with 
in Secs. 1.1 and 1.2 is of importance in the problems of ordinary 
solilons or not. The studies of the vortical properties of ordinary 
soliton types in magnetized plasma were started in (1.451 where ion- 
acoustic solilons in magnetized plasma were analyzed (sec (1.461). 
It was noted in (1.45) that within the theory of vortices such solilons 
are essentially a version of scalar vortices. The fruitfulness of the 
"vortical" approach to ion-acoustic solilons has been demonstrated 
in (1.451 by analyzing the effect of vector nonlinearity on the stabili¬ 
ty of one-dimensional (plane) ion-acoustic solilons. The stability of 
such solilons relative to bending perturbations (1.471, with vector 
nonlinearity neglected, was considered in (1.481. In this approxima¬ 
tion the ion-acoustic solilons proved to be unstable. On allowing for 
vector nonlinearity, substantial for not too low soliton amplitudes, 
the bending perturbations becomeslable. Such a conclusion agrees with 
the experimental evidence (1.49) about the plane ion-acoustic solilons 
of sufficiently high amplitude being stable in magnetized plasma. 
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It wns noted in (1.30) that vortical properties are also inherent 
in magnetoacoustic solilons having characteristic frequencies higher 
than the ion cyclotron frequency, <■> > a) B i (high-frequency magne¬ 
toacoustic (HFMA) solitons). In such waves the role of a magnetized 
plasma component is played by electrons. HFMA vortices are a ver¬ 
sion of compressible vortices discussed in Sec. 1.7, and the condition 
•of weak compressibility of such vortices, (1.92), coincides with the 
high-frequency condition o> > u B1 . The condition o> < u> LH 
puts an upper bound on the characteristic frequencies of HFMA 
•solitons, <i> L H being the lower-hybrid frequency. Following the 
•concepts of the vortical nature of HFMA waves the authors of (1.50) 
have constructed a three-dimensional nonlinear equation for such 
-waves, with the vector nonlinear effects included. Such an approach 
is conceptually close to that developed in (1.31-1.331 which investi¬ 
gates the role of vector nonlinearity in the problem of lower-hybrid 
waves that are a short-wavelength continuation of the HFMA mode. 
The paper (1.501 elucidates the effect of vector nonlinearity on the 
stability of one-dimensional HFMA solitons. Such a nonlinearity 
proved to affect both the growth rate and the excitation condition 
of instability, yet such an effect is mainly of quantitative rather 
than qualitative nature. 

If vector nonlinearity can be of some importance in the solilon 
stability problem, then why could not it manifest itself in the sta¬ 
bility problem of another type of scalar structures such as cnoidal 
•waves? This question was analyzed in (1.541 for drift waves. It has 
been shown that for a sufficiently strong vector nonlinearity cnoidal 
-drift waves as well as one-dimensional drift solitons (1.451 are stable. 
This result can be used in experiments on the laboratory simulation 
of the spiral branches of galaxies (1.551. Such an approach can quite 
naturally explain why rather long spirals do not decay into individu¬ 
al “beads”, as it would be within a simplified approach to the stability 
of scalar vortices (1.561, this explicitly or implicitly ignoring the 
role of vector nonlinearity. 

Standard equations like (1.23) do not allow for some very impor¬ 
tant factors. One such factor is dissipation. The role of the latter 
in the problem of Rossby waves can be played by viscosity. In the 
absence of linear instabilities viscosity, along with dispersion, 
limits the lifetime of Rossby waves in laboratory experiments (1.16, 
1.571. In the presence of instabilities a mutual compensation of 
wave buildup and damping can occur and, as a consequence, dissi¬ 
pative nonlinear structures will be formed. Such dissipative station¬ 
ary structures under the conditions of the Kelvin-Hclmholtz insta¬ 
bility due to an inhomogeneity in the zonal flow velocity profile 
were" observed in (1.58, 1.591. A chain of dissipative Rossby solitons 
(1.58) and a solitary dissipative Rossby vortex (1.59) were observed. 
According to an assumption made in (1.591, such a dissipative vor- 
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tex models Jupiter’s Great Red Spot (GRS). This approach to the 
nature of Jupiter’s GRS has something in common with an analogous 
approach from II.261, which stresses the important role played in 
the GRS problem by both the velocity profile inhomogencity and 
viscosity. 

The authors of 11.591 called the dissipative soliton observed by 
them a Rossby auto-soliton, thus underlining the relation between 
the physics of Rossby waves in a dissipative-unstable fluid and the 
physics of auto-waves in other nonlinear dissipative-unstable sys¬ 
tems 11.00. 1.611. Such an approach 11.591 facilitates further under¬ 
standing of the role of auto-wave processes in the problem of Rossby 
■waves, ft is only natural that a certain role must be played by the 
auto-wave processes in plasma vortices either, since plasma is charac¬ 
terized both by the abundance of instabilities and by the diversity 
of dissipative factors. However, when speaking not of plasma in 
general but of a high-temperature plasma specific for magnetic ther¬ 
monuclear confinement systems (e.g. loknmaks). we can stale that, in 
the present state-of-the-art, the analysis of instabilities and dissipa¬ 
tive factors in the problem of waves in such a plasma has revealed no 
wave modes interesting for the theory of auto-waves. In the high- 
temperature plasma, waves that arc apcriodically unstable in the 
linear approximation (e.g. flute ones) are feasible, yet the role of 
dissipation in such waves is of little significance. There are a few 
types of waves responsible for resistive magnclohydrodynamic 
(MUD) instabilities 11.62, 1.631, but it is not clear whether auto- 
waves can be associated with the latter. 

As to drift waves, there the role of dissipation is similar to that of 
viscosity in stable Rossby waves with the only distinction that the 
dissipation sign can be both positive (conventional dissipation) and 
negative (the analogue of negative viscosity in hydrodynamics (1.641). 
Negative dissipation in a plasma is due to its thermodynamic non- 
equilihrium state (i.e. plasma inhomogencity across magnetic field), 
the presence of beams, an anisotropy in particle velocity distribu¬ 
tion and some other factors (1.2, 1.341. The simplest manifestation 
of dissipation in drift waves is the interaction of the latter with 
resonant electrons. Such an interaction, as has been established 
in (1.11. results in drift instabilities. An important issue in the 
problem of drift vortices is whether the resonance interaction of 
electrons or some other dissipative factors can cause the buildup of 
vortices, i.e. it is the issue of the drift instability of vortices. The 
first steps in this direction have been made in (1.65, 1.661. 

It is vital for ihc concept of solitary vortices in magnetized plasma, 
i.e. that of gradient solitons, that the existence of such solitons be 
experimentally verified. As to experiments on gradient solitons we 
should turn many years back to pay tribute to observations made by 
Buchcl'nikova et at. (1.671. The aim of these experiments was to 
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study a turbulence that arises during the development of a drift 
instability. However, the authors of 11.67) conclude that under 
their experimental conditions the drift instability results not in 
the turbulence but rather in the regular sawtooth oscillations, i.e. in 
the language of the modern nonlinear theory, the drift instability 
results in a chain (or a lattice) of solitons. The regular behaviour of 
the gradient waves was also noted in experiments on the high- 
frequency centrifugal drift instability (1.681 and on the beam- 
drift instability (1.69) (see also (1.70)). However, the relation be¬ 
tween those waves and gradient solitons was not discussed in the 
above papers, because in those times the concepts of such solitons 
had not been formed. (As to the corresponding types of gradient 
solitons, seo(1.33, 1.711.) Of the modern experimental papers, the 
studies of convective cells (1.721 nro the most relevant to the issue of 
solitary plasma vortices. In (1.721, a nonlinear interaction be¬ 
tween two convective cells of the same or opposite polorilies is con¬ 
sidered. In the problem of solitary vortices, as is evident from the 
preceding exposition, of major importance is the localizing role of 
nonlinearity. However, this issue has not been discussed in (1.72). 
The experimental verification of the existence of solitary plasma 
vortices similar to hydrodynamic Rossby solitons would be one of 
the most fundamental achievements in plasinn physics. 
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Oscillations and Bifurcations 
in Reversible Systems 

V. I. Arnol'd, Corr. Mem. USSR Acad. Sc. and 
M. B. Sevryuk 


INTRODUCTION 

A typical example of a reversible system is the equation 
**i’+ Ax - Bx - Cx* = 0 (2.1) 

invariant under the sign change of the independent variable. This 
equation describes various physical phenomena (see. e.g. the papers 
by Dcmekhin 12.191 on a viscous fluid draining off along an inclined 
plane or by Malomcd and Tribcl'skii 12.20, 2.2SI on the evolution of 
the fronts of some non-equilibrium first-kind phase transitions, 
e.g. of the gas combustion or the laser evaporation of a condensed 
substance). Equation (2.1) with the fixed coefficients A, B. and C 
lias a one-parameter family of cycles. Such families are typical of 
Hamiltonian systems, while the cycles in the phase space of general 
non-IIainillonian systems are. as a rule, isolated. 

The similarity between Hamiltonian and reversible systems is not 
confined to uniting the cycles into families but extends much farther. 
For example, the evolution of a reversible system near an equilibri¬ 
um position or a periodic motion is described by the same Birkhoff 
scries as in the case of Hamiltonian systems. For reversible systems 
an analogue of the Lyapunov theorem is valid that concerns strict¬ 
ly periodic oscillations of a multidimensional nonlinear Hamiltonian 
system around the equilibrium position in the nonresonant elliptic 
case. Also coincident arc the equations of phase oscillations near 
resonances and the normal forms of bifurcations. Finally, in the- 
phase space of a reversible system the same invariant Kolmogorov 
tori can be found as in the case of Hamiltonian systems. 

The present paper begins with the definition of reversible systems 
with discrete and continuous limes (Secs. 2.2 and 2.3). Then inlegra- 
ble reversible systems (Sec. 2.4) and their small perturbations 
(Sec. 2.5) are considered. The results obtained aro carried over to 
a more general class of "weakly reversible" systems (Sec. 2.6). Then 
we investigate the equilibrium position neighbourhood of rever¬ 
sible (Sec. 2.7) and weakly reversible (Sen. 2.8) systems and study 
the symmetric, strictly periodic oscillations in reversible systems 
(Sec. 2.9). A neighbourhood of a closed symmetric trajectory of 
a reversible system is treated in Sec. 2.12 and appropriate prelimina¬ 
ry remarks are exposed in Secs. 2.10 and 2.11. At the beginning 


2 
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we xlmly oil phenomena in tlio simplosl situation of o minimum 
number of degree* of freedom mid then turn lo u goncral multidimen¬ 
sional rase nx well as lo a non-iiu lonomous one (See. 2.13). 

The paper concludes in a study of Ihc bifurcations of tho families 
of low-amplitude periodic motions of reversible systems oscillat¬ 
ing near equilibrium wlion passing through resonances between small 
oscillation frequencies. This study reveals unexpected relations of 
tho object at hand with the theory of singularities of differentiable 
mappings (o.g. in analyzing the resonance 1:1 there emerges tho 
Whitney umbrella) and leads lo new results in this general theory 
(c.g. a rearrangement of the umbrella's cross sections). 

Tho first coauthor is responsible for tho statement of the problem, 
the study of the solutions of reversible systems in the ease of small 
dimensions |2.11 and the formulations of hypotheses on a multidi¬ 
mensional enso as well ns on the bifurcation normal forms for the fam- 
milios of the low-amplitude periodic motions of reversible systems 
around the equilibrium position when passing through tho resonance 
1:1 (Sec. 2.15). Tho expedience of generalizing the concept of 
reversibility to that of weak reversibility was also noted in 12.11. 
The transfer of the results from 12.11 lo the multidimensional case 
(os well as lo the ease of an odd-dimensional phase space) and the 
derivation of proofs wore carried out by the second coauthor. The 
results of Sec. 2.10 (where the passage through further resonances 
i:N, A'^ 2 is studied) and the proofs of the theorems exposed in 
Sec. 2.15 are also his. 

2.2. REVERSIBLE MAPPINGS 

Definition. A diffcomorphism (l: .!/-«■ ,1/ of a phase 
space .1/ onto itself is called an involution if its square is an identical 
transformation, G* = id. The most important is the following 
example. 

Example. The reflection of an Euclidean space 1'"+* with respect 
to a suhspaco S™, 

G : (p, q) (p, —7). 
where p g T", g g 3*. is an involution. 

'3 Locally (i.o. in a neighbourhood of a fixed point) any involution 
con be written in such a form undor an appropriate choice of coordi¬ 
nates (Hochncr’s theorem). 

Definition. A dillcomorphism A : M -*• M is called reversible 
with respect lo on involution G it G conjugates A with A- 1 , i.o. 
A- 1 ■--- GAG. 

Example. A piano rotation is roversiblo sinco, by a reflection with 
respect to a straight line passing through the rotation centre, this 
rotation is transformed into the invorso one. The same holds for 
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u rotation through n variable (dependent on radius) angle: (r, <p) —* 

(r, H ~ V ( r ))-. 

The reversibility condition A~' = GAG that can be rewritten as 
AGAG — id shows that AG is an involution and, thus, any reversible 
diffeoinorphism A (AG)G is a product of two involutions. A con¬ 
verse theorem is also evident: 

Theorem (l)irkhof! 12.31). A product of two involutions is reversible 
with respect to any of them. 

Proof. If o* — t’ ■ ■ id, then a (or) a (at) — x (or) t (ot) = id. 

Fairs of involutions (and, consequently, reversible mappings) 
appear in different branches of mathematics (see in 12.11 the discus¬ 
sion of the Dirkhofl billiard transformation (12.41 and 12.51, Ch. 6, 

§§ fi-'J) and of the Melrose billiard transformation I2.li|, and pairs of 
involutions emerging in the studies of discontinuous differential 
equations* and in the problem of a holomorphic classification of real 
surfaces in a plane of two complex variables 12.71). 

A reversible mapping can be considered as an action of the sym¬ 
metry group of arithmetic progression. Indeed, this group consists 
of translations and reflections, where a reflection acts as an involution 
reversing the action of a translation. 

Definition. Given a certain group II, the action of this group on 
the phase space by diftcomorphisms is called a dynamic system 
whose limo is //. 

From this viewpoint, a reversible mapping is n dynamic system 
whose lime is the symmetry group of arithmetic progression. 

2.3. REVERSIBLE FLOWS 

Definition. A reversible flow' is a dynamic system whose 
time is the real line symmetry group. 

In other words, a reversible flow is specified by a one-purametor 
group of phase spacediffcomorphisms that transforms into the group 
of inverse diffcomorphisms under a certain phase space involu¬ 
tion. 

Under this involution the velocity Bold of a reversible flow trans¬ 
forms into the opposite field. 

Definition. A vector field I’ changing its sign due to nn involution 
G, G„Y - —I' (and a differential equation specified by the field), is 
called reversible (with respect to this involution). 

Thus, the velocity field of a reversible flow is reversible too. The 

Example /. The differential equation 


• Tclrelrn, private communication (ltiH2i. 
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in the plane of the variable z is reversible with respect to the involu¬ 
tion z ► z of complex conjugation it and only if all the coefficients 
a»., are pure imaginary (Fig. 2.1a). 

Example 2. The differential equations z = z and z = z* (Figs. 2.16 
and 2.1e) in the z-planc are also reversible (the corresponding involu¬ 
tions arc the reflections with respect to the straight lines Re z = Im z 
and Re z = 0). 

Example 3. The system of the Newtonian equations, x = F (x, x), 
is reversible if forces are independent of velocities or ore even in 
velocities, F (x, — y) = F (x, y) (a phase space involution changes 
the signs of all velocities). 



Fig. 2.1 

(a phase space involution chances the signs ol all odd derivatives). 
In particular, Eq. (2.1) is reversible. 

Note that in all instances of reversible systems and mappings 
mentioned above the phase space dimension war even ami the mani¬ 
fold of fixed points of the involution had a middle dimension. 

2/i. INTEGRABLE REVERSIBLE MAPPINGS 
AND VECTOR FIELDS 

As a plane rotates through a variable (dependent on radi¬ 
us) angle around the origin, each circle centered in the origin is 
invariant both under a mapping itself and an involution reversing 
it. the restriction of the mapping to any such circle being a conven¬ 
tional rotation. 

Generalizing this example to higher dimensions we will give the 
following definition. 
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Definition. A reversible mapping (vector field) with Hie phase 
space D of an eveni dimension 2 to is called integrahlc if D is foliated 
into m-dimensional tori invariant under both the mapping itsolf 
(the vector field itself) and the involution reversing the mapping 
(the vector field), the initial mapping (vector field) inducing a quasi- 
period ic motion on each torus. 

By a suitablo choice of coordinates each integroble reversible 
mapping can be written in the form 

(<p, /) — (<p + a> (/), /) 

and each integrable reversible differential equation, in the form 
? = <■*(/). 1 = 0, 
in both cases the involution is 

«p. /) (- v , /). (2.2) 

where I = [f, .7 m ) is the torus parameter (an analogue of the 

action variable in integrable Hamiltonian systems), 9 = (<p,. 

q> n ) is the angular variable on each torus / = const, and 
a), (/).c>m (/) are the frequencies. 

An integrable reversible mapping (vector field) is called nonde¬ 
generate if nondegenerate is the frequency mapping / —► <n (/), 
i.e. dotIdl =>t= 0. Here, after an appropriate renumbering of invariant 
tori, the initial mapping can be written as 

(q>. /) — (?- I. 1 ) (2.3) 

and, respectively, the vector field, in the form 

q> = /, 1=0. (2.3') 

with the reversing involution here being that of (2.2). Indeed, the 
form (2.3), or (2.3'), is used to writejthe mapping (vector field) in 
a certain region of the variation of I. 


2.5. KOLMOGOROV’S TORI 

It happens that in the phase space of a reversible map¬ 
ping (vector field) that is close to a nondegenerate integrable one 
invariant (Kolmogorov’s) tori exist on which a quasi-periodic 
motion is again induced (this is fully analogous to the eHects 
arising in the Hamiltonian case). 





, , (»• ') (-V — 7 («f. 0. / -g (<P, /)). (2.5) 

such dial (2.4), or (2.4 ), is reversible (with respccl lo the involu- 
lion (2.5)) as before. 


Then. if lire perturbations /, g, /, and g arc analytical and suffi¬ 
ciently small, the majority of the invariant tori / = const of the 
mapping (2.3) (vector field (2.3')) under such a perturbation will not 
decay but only slightly deform. Namely, those tori do not decay 
which participated in the quasi-pcriodic motion with “strongly in¬ 
commensurable" frequencies. On the deformed (Kolmogorov's) tori 
invariant under both the perturbed mapping (2.4). or the differential 
equation (2.4'), and the reversing involution (2.5) a quasi-pcriodic 
motion is again induced having the same set of frequencies. 

For vector fields the theorem was enunciated by Moser in 12.81 
and proved by him in 12.91, Secs. 5, 0. It is essential for Moser's 
proof that the perturbation of the initial integrable and reversible 
differential equation is not simply small but dependent on the 
small parameter e (e = 0 corresponds to the unperturbed equation). 
The applications arc discussed in 12.81. 

The smaller the perturbation the larger the union measure of nil 
Kolmogorov's tori. 

For reversible vector fields in a plane (i.c. for a two-dimensional 
phase space) all those invariant circles do not decay the frequencies 
of motion along which are .sufficiently high and. consequently, the 
perturbation of a nondcgcueratc integrable and reversible vector 
field in the plane remains integrable. 

The proof of the theorem is based on the standard (Kolmogorov's) 
method of constructing an infinite sequence of Newtonian approxi¬ 
mations, i.c. changes of variables whose definition domains arc 
more and more contracted lo the deformed torus sought for. At each 
iteration step one has to solve a certain homological equation and 
it is the verification of its solvability for which one uses the revers¬ 
ibility of the objects considered. An obstruction for the solvability 
is due to the one-dimensional cohomology of a certain algebraic 
system (in particular, for discrete time, the cohomology of the 
group generated by the unperturbed reversiblo dideontorphism and 
by the involution reversing the latter) which thus is trivial. 
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WEAK REVERSIBILITY 
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mapping* ' c . c '° r ,. fields ) whlcb transform into the inverse ones 
(opposite) under the action of some phase space difieomorphism 
being not necessarily an involution. Such mappings (vector fields) 
w ,|| be called weakly reversible. Thus.aphasespacediffeomorphism 
A is weakly reversible with respect to another phase space diffeo- 
morpinsm C H A = GAC' and a vector field V (or the differential 
equation x = V (x)) is weakly reversible with respect to some phase 
space difleomorphism G. if G,V = _ y. 

If the given mapping or vector field is reversed by a difleomorphism 
G, it is reversed by the difleomorphism G* 1 too. If a vector field is 
weakly reversible with respect to a certain phase space difleomor- 
phism, then the mapping of the phase flow of this field at any fixed 
time will he also weakly reversible with respect to the same diffeo- 
morphism (and vice versa). 

Kolmogorov’s tori prove to exist also in the case when the pertur¬ 
bation of a nondogeneralc inlcgrable and reversible mapping (vec¬ 
tor field) is assumed to lie not reversible but only weakly reversible. 
In other words, the requirement of the difleomorphism (2.5) revers¬ 
ing the mapping (2.4) (the vector field (2.4')) to be involulary is not 
a necessary one. Moreover, here the restriction of (2.5) to each invari¬ 
ant Kolmogorov's torus of the perturbed mapping (vector field) is 
an involution. Therefore, if the perturbation is sufficiently small 
and, consequently, the union measure of invariant tori is positive, 
then, with analyticily included, this suggests that (2.5) is an involu¬ 
tion. In other words, a small, weakly reversible perturbation of 
a nondegcncratc inlcgrable and reversible mapping (vector field) 
is always a “true" reversible one. 


2.7. THE LOCAL THEORY 

The theorem of Kolmogorov's tori of reversible mappings 
(vector fields) has a local analogue, i.e. the presence of invariant 
tori in a neighbourhood of the equilibrium position. 

Consider, e.g. a reversible mapping of a plane in a neighbourhood 
of a fixed point (the point is also assumed to be fixed with respect 
to the involution reversing the given mapping). 

Depending on the eigenvalues of linearization at the fixed point 
a general reversible mapping can be hyperbolic (the linearization is 
a hyperbolic rotation) or elliptic (the linearization is a conventional 
rotation). The eigenvalues 1 or —1 are of a nongeneral position. 
Consider the elliptic case in more detail. 

Depending on the linearization rotation angle at a fixed point 
a mapping is called nonresonant (the angle is incommensurable with 
2n) or resonant of order q (the angle is 2Jtp/j). 
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The formal normal form for a nonresonant mapping is a rotation 
through an angle varying with radius. Here the fixed point is formal¬ 
ly stable since it is surrounded by formally invariant curves. 

It appears that a general analytical reversible elliptic mapping of 
a plane (both in the nonresonant case and in the case of a resonance 
of order q^ 5) also has, in any neighbourhood of a fixed point, 
“genuine” (and not only formal) invariant Kolmogorov’s curves 
which surround the fixed point. The curves are also invariant under 
the involution reversing the mapping. The mapping rotation number 
on such a curve is irrational. As a consequence, we obtain that the 
fixed point of a general reversible elliptic mapping of a plane is 
stable. 

Remark 1. Here the word “general" means that by no substitution 
the 3-jet (a cubic Taylor polynomial) of the mapping can be reduced 
to its linear part (the 1-jet). For any q ;> 3 there exist examples of 
reversible elliptic, resonant of order q diffcomorphisms of a plane 
which do not satisfy this condition and whose fixed point is unstable 
(analogous examples for Hamiltonian (symplertic) mappings see 
in (2.11), § 31). 

Remark 2. It is well known (see, e.g. [2.10] or 12.11), §§ 32-34) 
that invariant curves in a neighbourhood of a fixed point (or in an 
annular domain) exist for any general mapping of the plane that 
possesses the intersection property, i.e. the image of any curve 
surrounding the fixed point intersects this curve. For Hamiltonian 
diffeomorphisms of a plane this property is fulfilled automatically, 
since the figures bounded by such a curve and its image have the same 
area. At the same time the examples arc known of (he reversible 
diffeomorphisms of a plane which do not have the intersection prop¬ 
erty in any neighbourhood of the point fixed with respect to the 
diffeomorphism itself as well as to the involution reversing the 
latter. 

Example (M.B. Sevryuk). Let us denote as t|- a smooth function 
R -*■ 3 defined as if (f) = t v c exp (—/■*) sin r 1 for I -f- 0 and 
* (0) = 0, where 

0<c<(max|-£ exp (—/“*)sin 

The function strictly increases on the whole real line and has an 
inverse smooth function tjr 1 . 

Let us introduce in a plane a Cartesian coordinate system (x, y) 
and consider a mapping (x, y) •-* (<f (x), tjr 1 (y)). The latter is revers¬ 
ible with respect to an involution (x, y) —» (y, x ). 

If a and b are positive numbers such that i|- (a) < a and tp (6) > i 
(a and b can be chosen however small), then the mapping transforms 
a rectangle with the apices (a. 6), (—a, 6), (—a, —6), (a, — b) into 
another rectangle lying strictly inside the initial one. 
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ll ' e co »slructed dilfeomorphisms of sucb 
a kind lose analy lictly (and only remain smooth), while the eigen- 
va'ues of are 1 or -1. It is unknown whether 

tliere are elliptic (let them bo even non-analytical) reversible map¬ 
pings not possessing the intersection properly. 

Let us return to a general elliptic mapping of a plane. The fixed 
zero point of the mapping is surrounded bv invariant curves. Be¬ 



tween the curves there arc annular resonance zones which are left 
due to the decay of the formal invariant curves with rational rota¬ 
tion numbers plq (the resonance pig zones). A glh mapping iteration 
in such a zone differs but slightly from the transformation of the 
phase flow of a reversible vector field invariant under the rotation 
through the angle 2 nlq and having a nonconstanl first integral. As 
for the Hamiltonian case, these resonance zones contain cycles 
(fixed points of the gilt iteration of the mapping). 
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More precisely, such zones exist in any neighbourhood of zero. In 
each of them two cycles (let us call them nodes) necessarily lie on 
the curve of fixed points of a reversing involution G on either side of 
zero. Any iteration A" of the mapping A transforms a node into a 
point also fixed with respect to A’, and in a neighbourhood of the latter 
an involution A"GA-" acts reversing A’ and leaving this point fixed. 

If g is odd. the number of distinct images of the nodes, with the 
mapping A iterated, is 2g (the images of one of the nodes and of the 
other in going round zero alternate), and if q is even then the above 
number is q (since for an even q the mapping /1 ,/5 transforms the 
nodes into one another). 

However, with A iterated, for an even q placed between any two 
adjacent (in going round zero) images of the nodes, there exists at 
least one additional cycle. (Note that for an odd q the resonance zone 
piq can also contain the fixed points of A* that arc not the nodal 
images when A is iterated.) Thus, the total number of the fixed points 
of the glh iteration of the general mapping A in the resonance zone 
plq is no less than 2q (for any evenness of q). Overall, the picture of 
the invariant curves of the iterations of .-I in a neighbourhood of zero 
is as shown in Fig. 2.2 (the same as in the Hamiltonian case). 

Analogously is arranged the resonance zone piq in a more general 
situation of a reversible mapping close to a nondegeneralo integrable 
one in an annular domain. 

Consider now a multidimensional case: a reversible mapping of an 
Euclidean space T :m (ni > 2) in a neighbourhood of a fixed point 
lying on an m-dimcnsional manifold of an involution fixed points. 
Assume that this mapping is elliptic (i.c. its linearization at a fixed 
point is a direct product of m rotations) and general (linearization 
rotation angles have no resonance relation of low order, while the 
frequencies of motion on the invariant tori of a formal normal form 
are dependent in a nondegenerate way on the variables numbering 
the tori). 

Then, ns in the two-dimensional case, in any neighbourhood of 
the fixed point, ni-dimensional (Kolmogorov's) tori exist that are 
invariant under both the mapping itself and the involution revers¬ 
ing the latter. The initial mapping on the tori induces a quasi- 
periodic motion with a discrete time (the proximity to a fixed point 
plays here, i.c. in the local situation, the role of the smallness of the 
integrable difleomorphism perturbation). Resonance zones lie be¬ 
tween Kolmogorov's tori. 

Let us turn to the case of continuous time, i.c. to reversible 
flows in a neighbourhood of a singular point fixed under a reversing 
involution. The isolated singular points of a linear reversible vector 
field in a plane ran only be centres (an example: z = is) and saddles 
(an example: z = z), besides the saddles must be “equilateral'' (their 
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eigenvalues are ±/.). Moreover, the centre is conserved (transforming 
neither into • focus nor into o centrcfocus) on accounting for the 
nonlinear terms of the reversible vector field too, since the attrac¬ 
tors in a reversible system that intersect the manifold of involution 
fixed points arc impossible (because under lime inversion attraction 
transforms into repulsion). The closed phase curves of such a centre 
(into which a punctured neighbourhood of a fixed point is foliated) 
arc invariant under involution. 

Remark 1. The example z = z 1 shows that in degenerate cases 
a reversible system can have no first integral nonconstanl in a neigh¬ 
bourhood of a singular point and can conserve no integral invariant 
with positive density. 

Remark 2. An example of an irreversible degenerate Hamiltonian 
system can be also readily constructed. Let a Hamiltonian // in 
a plane with the coordinates (r, y) be the product of five linear homo¬ 
geneous functions, i.c. II (x, y) = JJ (<i ( x — b,y). If a system 

with such a Hamiltonian is reversible then the union of the straight 

lines d ( x -r b,y = 0, i = 1.5. is invariant under a reversing 

involution, this being possible only for the exclusive fives ((,, . . ., 
of straight lines (cross ratios of the fours of the straight lines (,, 
f a ,/. and /,, /j. I 3 . /j arc independent invariants of the five with respect 
to the group of linear transformations of a plane and for the “sym¬ 
metric'' fives, invariant with respect to some involution, these two 
cross ratios arc related by a functional dependence). 

In a multidimensional case, reversible vector fields in a neighbour¬ 
hood of a singular point fixed under a reversing involution behave 
like reversible diffeomorphisms. If the linearization of such a field 
at a singular point 0 6 R*" (m> 2) is a direct product of m linear 
fields with a singular point of the centre type (an elliptic field), then 
under common iiondcgcncracy conditions in any neighbourhood of 
zero there exist m-diincnsional (Kolmogorov’s) tori invariant under 
both the phase flow and the involution, and the motion on these 
tori is quasi-pcriodic. 

Different local versions of the theorem on Kolmogorov’s tori for 
reversible systems of differential equations were analyzed by Bibi¬ 
kov and Pliss (sec, c.g. 12.12-2.14) and 12.15). Ch. III. §§ 15-20). 
More precisely, these papers proved the existence of invariant tori in 
an arbitrary neighbourhood of a singular point of the analytical sys¬ 
tem of differential equations, if the latter fulfil some conditions in 
fact equivalent to reversibility (in some coses these conditions are 
also satisfied as a result of Hamillonianily). In (2.131 non- 
autonomous systems of differential equations (with the right-hand 
sides being periodic in lime) were considered. As to the noil-autono¬ 
mous case, see Sec. 2.13 of the present paper. 
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2.8. WEAK REVERSIBILITY 

IN A LOCAL SITUATION 

The majority of the results presented in the preceding 
section can be carried over to the case when in place of reversible 
objects one considers those being a priori only weakly reversible. 
Namely, consider an elliptic, weakly reversible general mapping 
{vector held) in T ,m (m> 1) in a neighbourhood of a fixed (singular) 
point, and let the latter be fixed under a reversing dilTeomorphisra 
too. In the general case this diffeomorphism turns out to be always 
an involution so that the weakly reversible mapping (vector field) 
is actually reversible. Although this result is proved only under some 
assumptions of a non resonant and nondogonornlc behaviour, examples 
of elliptic, weakly reversible mappings or vector fields not being revers¬ 
ible arc unknown. In the non-elliplic (e.g. hyperbolic) case such ex¬ 
amples can be readily constructed even in a two-dimensional situation 
(moreover, the exemplified mappings and vector fields arc general). 

Example 1 (M. B. Scvryuk). Let a (I) be an arbitrary real-analyt¬ 
ical function preset in a neighbourhood of zero on the real line and 
satisfying the condition a (0) =£ 0. According to the implicit func¬ 
tion theorem, the relation p (t) a (—1 a (I) p (I)) = ! defines another 
real-analytical function P (I) in a neighbourhood of zero on the real 
line. This relation implies that a (t) P (—1 a (t) p (/)) s* I. 

Consider a mapping (x, y) —► (xa (xy). yp (xy)) in a plane with 
the Cartesian coordinate system (x, y). The eigenvalues of its linear¬ 
ization arc a (0) and P (0) — (a (0)) '. The mapping is weakly 
reversible (it is reversed by the difTcomorphism (r. y) —» (;/. —x)). 
If the function a is not even, then the mapping is reversed by no 
zero-conserving involution. 

Example 2 (M.B. Scvryuk). Let / (<) he an even am! g it) an odd 
real-analytical function preset in a neighbourhood of zero on the 
real line with / (0) ^ 0. Consider a vector field with th. components 
y/(j- ! —y J ) • xy (x- — y-) and xf (r- -- y-'t y« 0= - y : ! in a 
plane with the Cartesian coordinate system (x. y). The eigenvalues of 
its linearization arc / (0) and —/ (<)j. The vector field is v.eakly re¬ 
versible (it is reversed by the same, as in the preceding example, 
difTcomorphism (x. y) (y. —x)). If the function g is not identically 
zero, then this field is reversed by no zero-conserving involution. 

2.9. PERIODIC SOLUTIONS 

Suppose that a reversible system of differential equations 
has a periodic solution whose phase curve L is invariant under 
a reversing involution (such closed phase curves arc called sym¬ 
metric). Then the involution maps L onto itself with an orientation 
reversed so that on L exactly two points are fixed under the 
involution. 
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Conversely, if a closed phase curve (cycle) of a revereible system 
contains at least one point fixed under a reversing involution then it 
contains exactly two such points and it is invariant under this 
involution. 

In addition, if some phase curve of a reversible system contains 
at least two points fixed under a reversing involution, then it is 
closed, i.o. it is a symmetric cycle (and thus contains exactly two 
such points). This property is basic in the search for the symmetric 
closed phase curves of reversible systems: it suffices to find the phase 
curves intersecting the involution fixed manifold at two points. 

Note that any phase curve of a reversible system intersecting the 
involution fixed point manifold intersects it at a nonzero angle. 

Theorem. For reversible systems with a phase space a"" and 
a reflection involution with respect to an m-dimensional subspace 
the following holds: 

(I) Closed symmetric phase curves form a one-parameter family 
in a neighbourhood of a given general symmetric cycle. 

(2) The family is conserved, with a slight deformation, under any 
small perturbation of the system leaving the latter reversible. 

Proof. The given cycle intersects the fixed manifold R m at two 
points, a and b. at a nonzero angle. The phasecurves passing through 
the points of R m close to a form an (m -r l)-dimensionnl “tube” 
<D that gcnerically intersects R m at the point b transvcrsally along 
a curve containing b. Through each point of the latter curve a phase 
curve passes intersecting R m at two points. This curve is, thus, 
a symmetric cycle. 

I'm adjacent systems, the transversalil.v of the intersection of O 
and X near b is conserved, therefore the cycles will be conserved, too. 

This theorem was considered by Devaney 12.161 and for m = 1 it 
wn< noted by Sharkovskii 12.17. 2.18). 

/■'..nun pie. The symmetric cycles of Eq. (2.1) (for which m = 2) 
are included into one-parameter families structurally stable under 
small perturbations of the equation that do not remove the Utter 
from the reversible class. 

To study the solutions of a reversible system in a neighbourhood 
of a nne-parameter family of symmetric cycles, which includes a 
given cycle, we draw a secant (2m—l)-dimensional Poincare sur¬ 
face 2. containing a fixed manifold R m of the involution G. Let the 
surface lie invariant under G and intersect the cycle at the point a 
at a nonzero angle. The surface is drawn through one of the points of 
intersection of the cycle with X 1 ", e.g. through the point a. The Poin¬ 
care return mapping A: 2-*- 2 transforming a into itself is rever¬ 
sible with respect to the action of G on 2. For a general cycle the 
manifolds R" 1 and i4R m of dimension m in the (2m — l)-dimension- 
nl space 2 intersect at the point a transversally along a curve pass¬ 
ing through a. Each point of the curve is fixed with respect to A and 
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thus belongs to n symmetric cycle. In particular, this ngniu implies 
the inclusion of the symmetric closed phase curves of a reversible 
system into one-parameter families. 

Here we have the following situation: first, the involution of an 
odd-dimensional space - 5m '‘ that changes the sign of (m — I) coor¬ 
dinates and. second, the reversible Poincard mapping A : 2-► 2 
having a whole curve of fixed points that lies in an m-dimcnsional 
space t m of involution fixed points. 

The generalization of the above mentioned results to the case 
when the dimension of an involution fixed manifold is not necessar¬ 
ily equal to half a phase space dimension (the latter can be odd) is 
not automatic. 

Example. An autonomous equation of odd order 2m I that 
includes even derivatives only in even combinations is reversible 
with respect to a phase space involution changing the sign of all 
even derivatives. 

Here the number (rn -r 1) of “odd", i.c. changing their sign under 
an involution, phase space coordinates (these are matched here by 
even derivatives) exceeds the number of “even” coordinates, m, by one. 

The majority of the above results on Kolmogorov's tori and the 
local evolution of reversible objects is mutalis mutandis conserved 
only in the case when the number of the “even" coordinates exceeds 
that of the “odd” ones (i.c. the dimension of the involution fixed 
manifold equal to the number of “even" coordinates exceeds half 
the phase space dimension). This is indeed so on the Poincare surface. 


2.10. KOLMOGOROV’S TORI FOR ADDITIONAL 
“EVEN” COORDINATES 

Consider a phase space of n reversible mapping (vector 
field) with m “even" coordinates and k < m “odd" ones, this space 
being foliated into ^'-dimensional tori invariant under both the 
mapping (phase flow) and the reversing involution. On these tori 
a qunsi-pcriodic motion proceeds. For a nondcgcncralc dependence 
of the frequencies of this motion on the parameters numbering the 
tori it is possible to choose n phase space coordinates (q> f T h , /<*> £ 
3*. / ,3) £ •I 1 ""*), where the mapping has the following form: 

(<f, /«■>, /<*>) (v A /<", /<’>, /< 2 >). 
and, respectively, the vector field hns the form 
if = /<■>, /t» = 0, /<*> = 0, 

while the reversing involution is 

(<p, /«'>, /< s >) f-r- (—% /<■>, /«*>). 
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The quasi-periodic motion frequencies on each torus /<’> = const, 
/«*> = const only depend on /<■>, therefore the tori with the same 
frequencies aro organized into (m - A)-paramotor families. 

It turns out that for a small perturbation of the initial mapping 
(vector field) leaving it reversible the majority of these families does 
not decay but is only slightly deformed. Thus, in the phase space of 
a perturbed mapping (vector field) m-dimensional manifolds exist 
that are foliated into A-dimcnsional tori invariant under both 
the mapping (Dow) itself and the involution. On these tori a quasi- 
periodic motion proceeds with the same (for a fixed m-dimensional 
manifold) set of frequencies. 

Remark. Generally speaking, given additional (m — k) “even” 
coordinates, weakly reversible perturbations as yet do not ensure 
the conservation of invariant tori (since they allow a translation 
along the m-dimensional manifolds foliated into tori with the same 
frequencies, and given this translation, every torus transforms 
into another). 

2.11. TIIE LOCAL THEORY FOR ADDITIONAL 
"EVEN” COORDINATES 

This theory is called upon to describe the structure of the 
I'oincarc mapping for reversible differential equations. First, con¬ 
sider the case when the phase space is four-dimensional and the mani¬ 
fold of involution Axed points is two-dimensional, as for Eq. (2.1). 
We obtain an involution of a three-dimensional space (of the secant 
Poincare surface) with one “odd” coordinate and a reversible mapping 
having a curve of fixed points that lies in the involution fixed plane. 
The theory of normal forms (of Birkhoff's scries), with the rever¬ 
sibility included, shows that at the level of formal scries a neigh¬ 
bourhood of the line of fixed points is foliated into two-dimensional, 
transversal to this line, surfaces invariant under both the mapping 
and the involution. In the elliptic case (when the linearization of the 
mapping restriction to each two-dimensional surface is a rotation) of 
general position on these two-dimensional surfaces Kolmogorov's 
invariant curves arc encountered having an irrational rotation num¬ 
ber and surrounding the mapping fixed point that lies on the relevant 
two-dimensional surface. 

It turns out that, although the two-dimensional invariant sur¬ 
faces exist only formally, Kolmogorov’s tori lying on them do exist. 
Moreover, the curves with the same rotation numbers produced on 
different formal two-dimensional surfaces arc organized together 
into smooth cylindrical surfaces isolating the line of fixed points 
from the surrounding space. 

At the mapping fixed point where the linearization rotation angle 
corresponds to the rotation number these surfaces can intersect the 
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line of fixed points. In a neighbourhood of such a point a surface is, 
generally speaking, diffeomorphic to a paraboloid of revolution 
(foliated into parallels) since the formal series to express the depen¬ 
dence of the rotation number on the point x on the line of fixed 
points and the distance r from this point along a formal invariant 

two-dimensional surface begins with the terms a (x) + r l p (x) +- 

ft can happen that the surface composed of Kolmogorov's circles 
will intersect twice the line of fixed points and therefore have the 
topology of a sphere (Fig. 2.3). Then the sphere locks up the points 



Fig. 2.3 

inside it, this enabling us to establish the stability of the fixed points 
corresponding to cither a minimum linearization rotation angle 
(for positive values of B) or to a maximum one (for negative val¬ 
ues of p). 

Between the considered surfaces foliated into invariant (under 
both the mapping and the involution) Kolmogorov’s circles with 
irrational rotation numbers there arc left resonance zones. For 
general mappings, these zones contain fixed points of mapping 
iterations. Tho points fixed under the 17th mapping iteration are 
organized into several smooth curves (two of which necessarily lie 
on an involution fixed surface). The curves can intersect the line of 
fixed points (where the linearization rotation angle is ixpitj). where 
they are tangent to the corresponding formal invariant surface. 
Some of these curves themselves are surrounded by two-dimension¬ 
al surfaces foliated into circles invariant under the 17II1 mapping 
iteration (Fig. 2.4). 

For a reversible system in a phase space of an arbitrary even dimen¬ 
sion 2m (and a reflection involution with respect to on m-dimension- 
al space) wo arrive at an involution of a (2m — l)-dimensional 
space (a secant Poincarfi surface) with m "even" and (m—1) "odd" 
coordinates and at a reversible mapping with the curve of fixed points 
lying in an involution fixed space 'i m . Tho above results are trans¬ 
ferred to the case of m > 2 as follows. A neighbourhood of the line 
of fixed points is formally foliated into transversal to it, (2m — 2)- 
dimensional surfaces which are invariant under both the mapping and 
the involution. At the pithy level, in the general elliptic case this 
line is surrounded by m-dimensional surfaces foliated into (m — 1)- 
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dimensional tori which are invariant under both the mapping and 
the involution and on which a quasi-periodic motion proceeds whose 
frequencies are the same for a fixed m-dimensional surface. 

Now let in^an (m + A)-dimensional space be preset an involution 
with m "even" and k < m “odd" coordinates (in the above case k = 
m — 1) and a reversible mapping leaving fixed one of the involu¬ 
tion fixed points, say a point a. Generically, the linearization of the 
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mapping at the point a has r eigenvalues equal to 1 (where 0< 
m — k) and (m — k — r) eigenvalues equal to —1 (in the above 
case r 1). It turns out that through the point a there passes an 
(m — A)-diineusional surface invariant under the mapping and 
lying on the manifold of involution fixed points. The restriction of 
the 'napping to this surface is an involution with r “even” and 
(m - k — r) “odd" coordinates. Consider the case of r = m — A- in 
more dvlail. The point a is passed through by an (m — A)-dimension- 
al surface of mapping fixed points lying on the manifold of involu¬ 
tion iiyed points (in the above case, when the reversible mapping was 
the I’oineard mapping of a reversible equation, the existence of such 
a line of fixed points was known a priori). 

neighbourhood of this surface is foliated into transversal to it, 
formal 2A-dimonsionnl manifolds invariant under both the mapping 
and ilie involution. For a general elliptic mapping this surface is 
surrounded by A-dimensional, invariant under both the mapping 
and Ihc involution tori on which a quasi-periodic motion proceeds. 
The lori with the same frequency set are organized into smooth 
(m — A)-parametcr families. 

For A- - 1 in the resonance zones between these families one 
encounters the fixed points of the mapping iterations. The points 
fixed under the gih mapping iteration are organized into several 
smooth (m — l)-dimensional surfaces (two of which necessarily lie 
on the involution fixed m-dimensional surface). 

Consider now reversible vector fields. Let in an (m 4- ^-dimension¬ 
al space be preset an involution with m “even" and k < m “odd" 
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cooidimiles and a reversible vector field having o singular point on 
a fixed m-dimensional involution manifold. In a general system 
this point is passed through by an (m — A-)-dimcnsional surface lying 
on theinvolution fixed manifold and consisting of field singular points. 
A neighbourhood of this surface is foliated into transversal to it, 
formal 2A-dimensional manifolds that are invariant under both the 
field and the involution. In a general elliptic system this surface is 
surrounded by (m — A-)-parameter families of A'-dimensional 
invariant tori. For A - = 1 a certain neighbourhood of this surface in 
a general elliptic system is completely foliated into such families 
of circles. 

2.12. APPLICATION TO REVERSIBLE EQUATIONS 

Returning from the geometry of the Poincare mapping 
near the line of fixed points to the initial reversible equation wo 
will obtain the following results. To begin with, let the phase space 
be four-dimensional while the involution be a reflection with respect 
to a two-dimensional space (as is the case for Eq. (2.1)). We obtain 
a onc-paramclcr family of symmetric cycles and a set of three- 
dimensional invariant manifolds numbered by the rotation numbers 
normally incommensurable with 1 and foliated into two-dimensional 
Kolmogorov's tori filled with the trajectories of quasi-pcriodic mo¬ 
tions having the fixed frequency ratio on each three-dimensional 
manifold. 

The resonance zones between the manifolds comprise other one- 
parameter families of symmetric cycles and other three-dimensional 
manifolds, also foliated into two-dimensional invariant tori. These 
families emerge from the fixed points of the Poincare mapping it¬ 
erations and from the phase oscillations near them. 

Thus the general picture of a motion near a symmetric cycle of 
a reversible system with a four-dimensional phase spare and with 
a two-dimensional manifold of involution fixed points is extremely 
reminiscent of the picture of the motion of a Hamiltonian system 
with two degrees of freedom. The only difference is that the Hamil¬ 
tonian system has the first integral, therefore the existence of Kolmo¬ 
gorov's tori implies (under the usual conditions of nondegeneracy) 
the stability of the periodic motion. 

At the same time, the reversible system has, generally speaking, 
no first integral. Therefore the existence of quasi-pcriodic motions 
(whose phase curves form three-dimensional invariant manifolds 
foliated into two-dimensional Kolmogorov's tori) docs not prevent, 
in general, some trajectories of the system from escaping the initial 
periodic motion along a resonance zone. 

It seems very likely that such an escape, although very slow, does 
take place in general reversible systems. 
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In the case of a 2ro-dimensional phase space and a reflection involu¬ 
tion with respect to an m-dimensional subspace we obtain a one- 

parameter family of symmetric cycles and a set of the (m + l)-dimen- 

sional invariant manifolds foliated intom-dimensional Kolmogorov's 
tori filled with quasi-periodic motion trajectories. 

Now let a system with an (m + k)-dimensional phase space be 
given that is reversible under an involution whose fixed manifold is 
m-dimensional (where not necessarily k = m). For * > m the sym¬ 
metric cycles of such a system of general position are isolated, for 
m they are organized into the (m - k + l)-paramelor fami¬ 
lies structurally stable under small reversible perturbations (thiscan 
be proved by the same reasoning as in the “classical" case of k = m). 
Suppose that m + 1, then an (m — k + l)-parametcr family 
of the symmetric cycles of an equation, under the ellipticity of the 
appropriate Poincarl mapping, is surrounded by the (m -f 1)- 
dimensional invariant manifolds foliated into the A:-dimensional 
invariant tori, on which quasi-periodic motions proceed. For m = 1, 
k = 2 this implies the stability of a symmetric system's cycle (the 
Poincar6 mapping is a reversible mapping of a plane) in the elliptic 
case. For two “odd" coordinates (k = 2) and an arbitrary m near the 
general “elliptic" (m — l)-parameter family of the symmetric 
cycles there exist other stemming from the fixed points of Poincari 
mapping iterations, (m — l)-parameter families of symmetric 
cycles and other (m + l)-dimensional invariant manifolds, also 
foliated into two-dimensional invariant tori. 


2.13. NON-AUTONOMOUS REVERSIBLE SYSTEMS 

The above assertions about the invariant tori of revers¬ 
ible differential equations and about their behaviour in a neighbour¬ 
hood of a singular point can be generalized to the non-autonomous 
case. 

Definition. A differential equation x = V t (x) (generally speak¬ 
ing, non-autonomous) is called weakly reversible if there exists 
a phase space diffcomorphism G that “reverses” a phase space trans¬ 
formation family corresponding to this equation. In other words, if 
is a phase space transformation in a time period from f, to t t , 
then for all f„ l, we have 

G.?\\G-' = &Z I;. 

This relation is equivalent to the fact that for any fixed moment 
of time t we will have 

G,V, = - V.,. 
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If the equation is autonomous then we obtain the former defini¬ 
tion of a weakly reversible vector field. 

If a difleomorphism G “reverses" the family {^Jfl of phase space 
transformations, then the difleomorphism G~ l will do Ihc same. 

A weakly reversible differential equation is called reversible, if 
a phase space difleomorphism, “reversing” it, is an involution. 

Of special interest are weakly reversible differential equations 
whose right-hand sides are periodic in time. 

Example. A solution * = * (<) of a reversible, ^-periodic in time 
differential equation with an initial condition x (0) lying on the 
fixed manifold of a "reversing" involution is T-periodic if and only 
if x (772) is also fixed under this involution (cf. (2.26), (2.27)). 

The monodromy operator of a weakly reversible, periodic in time 
differential equation is also weakly reversible (with respect to the 
same difleomorphism). This key remark allows all the results on 
(weakly) reversible mappings to be immediately carried over to 
(weakly) reversible, periodic in time differential equations. 

In particular, in an extended phase space (whose time is factori- 


Table 2.1 
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zed by period) of a reversible differential equation closo to an auto¬ 
nomous integrate one there exist invariant tori. The same tori also 
exist near a stationary solution of a reversible differential equation 
in the nondegenoratc elliptic case. 

Table 2.1 lists the dimensions of these tori as well as those of tho 
invariant (Kolmogorov’s) tori and of tho invariant manifolds, into 
which the tori with the same frequencies (or the same frequency 
ratios) are organized as dependent on the number of m “even" and k 
“odd” phase space coordinates in all the preceding situations. The 
table also shows the number of parameters of the families into 
which the general symmetric cycles of reversible phase flows are 
organized and the restrictions, imposed on both the dimension m of 
an involution fixed manifold and its codimension k in phase space, 
under which Kolmogorov’s tori or non-isolaled symmetric cycles 
exist. 

2.14. THE LYAPUNOV-DEVANEY THEOREM 

Lyapunov’s theorem on one-parameter cycle families 
near a singular point of a Hamiltonian vector field can be applied 
to the reversible case as follows ((2.161 and 12.15), Ch. f, §§ 5-6). 
Consider a reversible system of differential equations in T 2m , 
with a singular point lying on an m-dimensional fixed manifold of 
the involution G that reverses this system. As in the Hamiltonian 
case, the number —X, together with each eigenvalue X of a linear 
reversible system, is also an eigenvalue of this system. This sug¬ 
gests, in particular, that for reversible systems pure imaginary eigen¬ 
values are not an exception (as for the general systems of differen¬ 
tial equations) but one of the typical possibilities realized in a stable 
manner (as for Hamiltonian systems). Let us denote by X,, . . ., 
X m , —.... —X m the eigenvalues of the linearization of 
vector field prescribing a reversible system at a singular point. 

Let /., be nonzero, pure imaginary and none of the ratios 
X//X, (/> 2) be integer (the nonresonance condition). 

Then the singular point of our system will be passed through by 
a smooth two-dimensional surface being tangential to the lineari¬ 
zation invariant plane that corresponds to the eigenvalues ±X,. 
The surface is foliated into symmetric cycles, and as the initial 
conditions on this surface tend to the singular point, the cycle 
period tends to 2n/| X, |. 

The studies of resonant Hamiltonian systems are the topics of 
a major number of papers (see, e.g. [2.23-2.251). Here we will con¬ 
sider reversible systems near resonances. For simplicity, we will 
limit ourselves to the case of a four-dimensional phase space (two 
"even" and two "odd" coordinates). Resonant reversible systems 
form a set of codimension 1 in the space of all reversible systems. 
Therefore to study the resonant systems one has to include those 
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into families of reversible systems that depend on a small parame¬ 
ter e (e = 0 corresponds to the resonance). The singular point can 
be treated as independent of e and placed at zero. 

2.15. THE RESONANCE 1:1 

Suppose that for e = 0 our system has a double eigenval¬ 
ue p l and a double eigenvalue —Pi (P > 0). By changing, if neces¬ 
sary, the time scale we can get p = 1. In the general family for 
one parameter sign (e.g. when e < 0) the eigenvalues of the lineari¬ 
zation of our system do not lie on the imaginary axis, while for 
another sign (when e > 0) these are ± v,i, ±v a i, where v, and v, 
are real and close to 1. The resonance mismatch | v a — v, | is of 
the order of Y~e. Each symmetric cycle of our system in a neigh¬ 
bourhood of the origin intersects a fixed involution plane at two points. 
The latter form a certain curve T e that depends on e. On the curve 
r ( , for any e, an involution o permutes the points belonging to 
the same symmetric cycle. 

Theorem. When some nondegeneracy conditions imposed on the 
terms of order ^ 3 of field Taylor series are fulfilled, then by 
a suitable choice of a smoothly e-dependent coordinate system Oxy 
in a fixed plane of the involution reversing the phase flow and by 
a change, if necessary, of the e sign (i.e. by multiplying e by —1) 
the equation of the family of curves T e is reduced to the 
form 

(e ±x*)x* = y*. (2.6) 

where the sign “+” corresponds to the hyperbolic mode and the sign 
to. the elliptic mode (the mode is controlled by the terms of 
order ^ 3). 

(a) Elliptic mode: T e = {x, y : (e — x*) x 1 = y 2 }. 

For 0, T, is just the origin, i.e. there are no symmetric cycles 
near the singular point at all. For e > 0, T e has the form of a figure- 
of-eight (Fig. 2.5). 



Fig. 2.5 

The cycles intersect this figure-of-eight at the points symmetric 
about the origin. 
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Thus, when a four-dimensional reversible system passes through 
the resonance 1:1 in tho elliptic modo, on one side of the resonance 
a foliated into symmetric cycles, two-dimensional surface is split 
out from the origin, this surface having the topology of a sphere 
with two identified points (corresponding to the origin). The size of 
this surface is proportional to the resonance mismatch. 


Fig. 2.6 

In the paper by Malomed and Tribel’skii 12.201 (see also (2.281) 
this surface was approximated for Eq. (2.1) by writing out a few 
first terms of the series producing the solution. 

(b) Hyperbolic mode: T, = {*, y : (e + x*) z* = p*}. 

The bifurcation of T, has the form shown in Fig. 2.6. 

In particular, at a resonance instant in the phase space of the 
system we obtain two tangential at zero, two-dimensional C'-surfaces 
foliated into symmetric cycles. 

Remark. The union of the curves T e in a three-dimensional space 
with coordinates x , y. e both in the elliptic and in the hyperbolic 
cases is a surface called the “Whitney umbrella” (or the "Cayley um¬ 
brella'). 

The Whitney umbrella is a surface diffeomorphic to the image of 
the Whitney mapping St 1 -* It* preset by the following formulas 
(see (2.21, Ch. 1, Sec. 1.9): 

o, = u„ v t = u,u„ p, = uj, 

where u„ u, are the coordinates in 31 s and i>„ p„ p s are the coordi¬ 
nates in It*. The equation of the image of this mapping in ft* 
is p| = v]u 3 (the last relation, besides the points of the umbrella, 
is satisfied by the points of its “stick", p, = p t = 0, p» < 0, too). 
The Whitney umbrella is shown in Fig. 2.7. 

All the smooth curves on the umbrella passing through its vertex 
are mutually tangential at this point. The direction of their common 
tangent (in our coordinates this is the direction of the axis p,) is 
thus invarianlly related to the umbrella. 
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In our case an umbrella's neighbourhood in H* is foliated into 
surfaces e = const. It is easy to verify that at the umbrella's vertex 
the derivative of the function e along the invariant direction is zero. 



Theorem. In a neighbourhood of the Whitney umbrella in X’ 
a function, that is of general position in the class of 'lie functions 
whose values and whose derivatives along the axis r, at zero are 
both zero, by moans of an E 3 difleomorphism conserving zero and 
transforming the umbrolla into itself, can be reduced lo the nor¬ 
mal form 

±t>, ± t>J, 

where the functions v t + u| and — v 3 — u, correspond to the elliptic 
mode and the functions v 3 — u| and —v 3 + oj. to the hyperbolic one. 

Remark. Suppose that a quadratic pa: l of the Taylor series of 
the initial function is <i,o 2 ■— a 3 v 3 -1- 2! ^ii v i v I- The words 
“of general position" mean that a t # 0, a\ # Aa t h tl . 

2.16. FURTHER RESONANCES 1:jV (.V> 2) 

After a smooth substitution of the parameter e and 
a smoothly e-dependent change in lime scale we can assume that the 
eigenvalues of our system’s linearization at the origin are ±i, 
± (JV + e) i. The symmetric cycles near the origin can be of two 
types: long-periodic (with a period close to 2n) and short-periodic 
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(with a period close to 2nlN). According to the Lyapunov-Devaney 
theorem applied to the eigenvalues ±(N + e) l, for any small value 
0 f e the origin is passed through by a smoothly e-dependent, two- 
diinonsional surfaco tangential to the ±(N + e)i-invariant plane 
of the linearization and foliated into short-periodic symmetric 
cycles. When these cycles contract to a singular point, their periods 
tend to 2 nl(N + e). The surface intersects the involution fixed plane 
along n smoothly e-dependont curve T t (N). 

The points of intersection of long-periodic cycles with the involu¬ 
tion fixed plane compose a certain e-dependent curve T e (1) that bifur¬ 
cates when e passes through zero. Our aim is to study these bifurca- 

On the curve T, (1) an involution o acts permuting the points which 
belong to the same long-periodic symmetric cycle. For oven N' s, the 
involulion is approximately a reflection with respect to the curve 
T e (A ), and for odd N's, a reflection with respect to the origin. 
Accordingly, for even N's, the curve T, (1) is approximately symmet¬ 
ric about r e (;V) while for odd N's, about the origin. 

Indeed, suppose that in the fixed plane of the initial involution G 
a coordinate system is chosen whose abscissa axis is tangential to 
the (±i)-cigcndireclion and ordinate axis is tangential to the 
(±(N — e) i)-eigendirection. Then, if a symmetric long-periodic 
cycle passes through a point (u, i>) in the fixed plane, this cycle will 
intersect, for the second time, the fixed plane at a point close to the 
point (u cos a, v cos .Vn), i.e. to that of (— u, ( —l) ,v u). 

Analogously, on the curve r e (N) an involution t acts that per¬ 
mutes tin* points belonging to the same short-periodic symmetric 
cycle. These points are approximately symmetric about the origin. 

2.16.1. The Resonance 1:2 

Theorem. On fulfilling some noudegeneracy conditions 
impose'! on the quadratic (second-order) terms of the field Taylor 
series, by a suitable choice of a smoothly e-dependent coordinate 
system O.cij in an involution fixed plane, the curve T e (.V) acquires 
the form {j, y : x = 0} (the ordinate axis in Figs. 2.8 and 2.11) 
and the curve T e (1) acquires the form 

{*. y : y (e — y) ± x 1 = 0), (2.7) 

where the sign “+” corresponds to the hyperbolic mode and the sign 
to the elliptic mode (the mode is controlled by qua¬ 
dratic terms). 

(a) Elliptic mode: T e (1) = {*, y ■ y (e - y) = * s }. 

The bifurcation of T e (1) is shown in Fig. 2.8. Long-periodic sym¬ 
metric cycles intersect the involution fixed plane, i.e. that of Fig. 2.8, 
at the points A and A„ B and B lt etc. 
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The cycle passing through the point C of the intersection between 
T, (1) and T, (N) is not long- but short-periodic. It intersects for the 
second time the figure plane at a point C, on T, ( N ) and is resonant 
(i.e. the rotation angle of the linearization of the restriction of the 
Poincard mapping of this cycle to the passing through C, formal 
two-dimensional invariant surface, in the three-dimensional secant 
Poincard surface, is equal to n/2). Long-periodic cycles form a speci¬ 
fic bridge between this resonant, short-periodic, closed trajectory 



Fig. 2.8 


and the singular point (cf. the description of the branching of long- 
periodic cycles from a resonant short-periodic one in the Hamiltonian 
case, as shown by Bryuno (2.211). 

The projection of a symmetric cycle, passing through the points A 
and A , placed near the origin, onto a two-dimensional, passing 
through the origin, plane of general position in the four-dimensional 
phase space, is nonseif-intersecting. The projection of a cycle, passing 
through the points B and B x close to C, goes twice round zero and has 
an odd number of self-intersection points (Fig. 2.9). The transition 
proceeds as shown in Fig. 2.10. By Q is denoted the reverse point on 
the projection at the instant of its reconstruction (“beak ). 

(b) Hyperbolic mode: T, (1) = {a-, y : y (y — e) = x 2 }. 

The bifurcation of T e (1) is shown in Fig. 2.11. 

Long-periodic symmetric cycles intersect the figure plane at the 
points A and A } , B and f?„ C and C t , E and E x , F and F„ G and G„ 
etc. The cycle passing through the point D of the intersection between 
r e (1) and T, (JV) is short-periodic, it intersects for the second time 
the figure plane at the point D , on T e (A - ) and is resonant. 

The projection of a cycle, passing through the points B and B t 
placed near the origin, onto a zero-containing, two-dimensional plane 
of general position, is nonself-intersecting. The projection of a cycle, 
passing through the points A and A x placed near D, is a curve like 
that in Fig. 2.9. As to the projection of the cycles, passing through 
the points C, C\ and E, E x placed far from the origin, these projec¬ 
tions, depending on the two-dimensional direction of the projection. 
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are either nonself-intersecting (and then the projection of a cycle, 
passing through some intermediate points G and G u has a "beak") 
or curves like a loop in Fig. 2.9 (then the "beak” is inherent in 
the projection of a cycle passing through some intermediate points F 
and F,). 



Fig. 2.11 

At the resonance instant, in the hyperbolic case the origin of the 
four-dimensional phase space is passed through by two two-dimension¬ 
al invariant surfaces having a conical singularity and foliated into, 
long-periodic cycles. 
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Remark 1. In the elliptic and hyperbolic cases, when a long- 
periodic cycle approaches a resonant short-periodic one, its projec¬ 
tion shown in Fig. 2.9 becomes more and more like a two-pass circle. 

Remark 2. The union of the curves T, (1) in a three-dimensional 
space with the coordinates x, y, e in the elliptic and hyperbolic 
modes is a cone. The union of the curves T, (iV) is a smooth two- 
dimensional surface (in "normal" coordinates, the plane x = 0) 
whose tangential plane at zero is conjugated with the plane e = 0 
with respect to the cone (more exactly, a straight line, conjugated 
with each of these planes with respect to the quadratic part of the 
Taylor series of the equation prescribing the cone, lies in the other 



plane). The union of the curves T e (.V) intersects (he none along two 
curves intersecting at the cone vertex at a nonzero angle (for both 
modes). 

Theorem. Suppose that in K’ there are given: a none whose vertex 
is at zero (according to the Morse lemma we, without any loss of 
generality, can presume that its equation is ■>: •••- v\ — i;j = 0, 
where i>„ v s , v 3 are the coordinates in {*), a smooth'. two-dimension¬ 
al, passing through zero general surface 3 that intersects the cone 
along two curves; and a smooth general function e whose zero level 
surface passes through zero. Tangential planes to e _1 (0) and to H at 
zero are conjugated with respect to the quadratic form v\ + i>\ — v\. 
Then, by the R s diffeomorphism that conserves zero and maps the 
cone onto itself, one can reduce the function e to one of two normal 
forms: e = i> 3 (hyperbolic mode) or e = u 3 (elliptic mode) and, si¬ 
multaneously, the surfaces to the normal form {o„ v t , v 3 : u, = 0). 

Xow let us turn to the resonances l:A r , where 3. Figures 2.13- 
2.18 show the relevant bifurcations of T e (1). The curve T e (N) is 
indicated by the dashed line. A symmetric cycle, passing through 
the points A and A, of the intersection between T e (1) and F e (AT), 
is short-periodic. It is resonant and the projections of long-periodic 
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cycles, lhal branch off from il, onlo a zero-containing. iwo-dinicnsion 
oi plane of general position have tho form shown in *’ | E- r; ,r 
(overall .V turns). The closer these cycles to a resonant short-p 
one the more their projections arc similar to an ;V-pass circ • 
"beak" phenomenon is analogous to that for the resonan ,'i~ e 
When tho resonant short-periodic cycle is connected w 
origin by a “bridge” made of long-periodic symmetric 
trajectories, that branch off from il, then the pari of the curv * 
that is an intersection between the bridge and the involul 
plane is shown in the subsequent figures by the heavy line. 


2.16.2. The Resonance 1:3 

Theorem. On fulfilling some nondegeneracy con f , ' l, °"® 
imposed on the terms of order ^ 3 of the field Taylor scr • ^ 

a suitable choice of a smoothly e-depondont coordinate syste y 
in the involution fixed plane and by changing, if necessary, 
sign of e the equation of the curves T, (/V) reduces to the torm 

X = yVi (y. e) -r Cy. (2-8) 

where C 6 T, h is a smooth function, and the equation of the 
curves l t (1) reduces to the form 

y (e - y i -zxy)-x> = 0, (2,9) 


where n. £ T, 4a 3 -f 27 # 0. 

The constant a is controlled by the terms of order ^ o. 
The inequality 4a 3 -r 27 > 0 corresponds to the elliptic 
the inequality 4a 3 - 27 < 0, to the hyperbolic one. 


mode, 



The bifurcation of T c (1) for the elliptic and hyperbolic modes is 
shown in Figs. 2.13 and 2.14, respectively. The curves T e (N) in 
these figures arc shown for the case of C = 0. The distances from the 
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origin to A and A x lor e < 0 have the order of V | e |. For e 0, 
Fig. 2.14 shows F, (1)_ by dots. For e > 0 the distances p, and p, 
have the order of Ye. 



Fig. 2.14 


Remark. At the resonance instant the singular point is passed 
through either by one (elliptic mode) or by three (hyperbolic mode) 
two-dimensional surfaces with a conical singularity at zero, which 
are foliated into long-periodic symmetric cycles. An intersection of 
each of these surfaces with the involution fixed plane is a smooth 
curve passing through zero. 

2.16.3. Higher Resonances 1:A (A > 4) 

Theorem. On fulfilling some nondegenerncy conditions 
imposed on the terms of order ^ A' of the field Taylor series, by 
multiplying the parameter e by a suitable nonzero constant and by 
a suitable choice of a smoothly e-dependent coordinate system Oxy 
in the involution fixed plane the equation of the curves T e (A) 
acquires the form (2.8), where <7 = 0, and the equation of the 
curves T e (1) acquires the form 

y (e ± y* — z 2 ) + x" = 0, (2.10) 

where the sign “+" corresponds to the hyperbolic mode and the sign 
to the elliptic one (the mode is controlled by the terms of 
order < 3). 

The bifurcation of T e (1) in the elliptic mode is shown in Fig. 2.15 
(even A’) and in Fig. 2.16 (odd A) and in the hyperbolic mode, in 
Fig. 2.17 (even A) and Fig. 2.18 (odd A). In the figures corresponding 
to e > 0, dots denote the following: in the elliptic case it is the 
circle x 2 + y" = e, in the hyperbolic case it is the hyperbola * 2 — 
y 3 = e. The distances from the origin to A and A, for e > 0 in the 
elliptic case and for e < 0 in the hyperbolic case have the order of 
V | e |. The distances 6, and 6, for e > 0 have the values of the order 
of e (,V-l)/t. 
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We see that at the instant of a resonance 1:A\ where A'> 4, the 
singular point is passed through by a two-dimensional surface foliat¬ 
ed into long-periodic symmetric cycles (it is possible to show that 
its smoothness class at zero is C K ~ 3 rather than C N ~ 3 ), tangential 
to a (± t)-invariant plane of the vector field linearization at the 
singular point. Besides, in the hyperbolic mode the singular point is 
passed through by two additional two-dimensional surfaces foliated 
into long-periodic cycles and having a conical singularity at this 
point. An intersection of each of these surfaces with the involution 
fixed plane is a smooth curve passing through zero (for odd N) or an 
“angle” composed of two transversal rays with the initial point at 
zero (for even N). 

2.16.4. Some Additional Remarks 

Concerning Further Resonances 

In the case of the resonances 1:A', A' ^ 3. the union of 
the curves T, (1) in a three-dimensional space with the coordinates 
x, y, e is a surface having at zero the singularity A K _| (12.21. Ch. 2). 
Under a suitable choice of the coordinate system i>„ v t , v 3 the equa¬ 
tion of this surface will acquire the form v,v s -- i >*= 0. This surface 
is invariantly related to the planes i>, — 0 and i\ — 0 (in n tangen¬ 
tial space to A 3 , at zero). The zero level surface of the e-function is 
tangential to one of these planes. 

Theorem. Suppose that in A 3 there arc preset a surface {i>„ v t , 
i>j : VjV t 4- i>* = 0} and a general function e such that c (0) = 0 
and e~* (0) is tangential to the plane o, = 0 at zero. Then by an A 3 
diffeomorphism conserving zero and transforming the surface into 
itself the function e can be reduced to the normal form 
± (i>i 4- — av t v 3 ) for .V = 3. 

± (t>, + o' 4- exoj) for A> 4, a 6 A. 

The condition of function generality (nondegeneracy) implies that 
4a 3 -f 27 0 for N = 3 and o # 0 for A’ > 4. 

For A r > 4 the function considered can be reduced to the normal 
form 

u, +± f,’, 

where the sign “4-” corresponds to the elliptic mode and the sign 
to the hyperbolic one, if along with the action of the zero- 
conserving A 3 diffeomorphisms transforming a surface into itself 
one allows a multiplication of the function by a nonzero constant. 

Here the singularity of the pair (a surface of type A w .„ a func¬ 
tion) is a real analogue of the critical point of a function on a manifold 
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with a singular boundary of typo A, for N = 3 and of type I 3 (N), 
for A >4, according to the classification by Lyashko 12.221. 

The behaviour of reversible systems at the resonance instant is 
extremely similar to that of resonant Hamiltonian systems. For 
example, for a Hamiltonian system (with many degrees of freedom), 
in the case of the resonance 1:3 between two pure imaginary linear¬ 
ization eigenvalues, depending on Taylor series terms of order 
^ 4 of the Hamiltonian, Rods (2.23) found either one two-dimension¬ 
al. foliated into long-periodic cycles surface passing through a sin¬ 
gular point or three such surfaces. For the resonance 1 : N, 4, 
also in a multidimensional situation, he found (2.241 a two-dimen¬ 
sional surface, passing through a singular point, foliated into long- 
periodic cycles and being tangential to the corresponding invariant 
plane of the linearization. The case of a resonant Hamiltonian sys¬ 
tem with two degrees of freedom was considered in detail by Hen- 
rard 12.25) where an extended bibliography was presented too. 
Henrard has demonstrated that for the resonance 1:2 in a nondegen¬ 
erate system near a singular point either there is no family of 
long-periodic cycles at all or there are two such families, while for 
the resonance 1:JV, N^s 3, the number of the families of long- 
periodic cycles is either 1 or 3. In 12.251 the subharmonic resonances 
( p:q , where p and q are relatively prime and q > p > 1) have been 
also investigated for which Lyapunov's theorem describes both short- 
and long-periodic cycles, yet here the existence of the families of 
‘Very long-periodic” cycles is possible. 
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Regular and Chaotic Dynamics 

of Particles in a Magnetic Field 

R.Z. Sagdeev, Mem. USSR Acad. Sc. and 
G.M. Zaslavskii, D. Sc. (Phys.-Math.) 


3.1. INTRODUCTION 

Advances in the analysis of the dynamics of nonlinear 
systems have resulted in comprehending a new range of phenomena: 
the initiation of a random motion under regular conditions, i.e. in 
the absence of random forces or random parameters in a system. 

In many physical situations it is now clear how, in the phase space 
of the system, a regular, or laminar, flow can become chaotic, or 
turbulent, when parameters of the system are varied. This transition 
is due to a specific (inherent) instability in the system that is called 
the local instability. The latter manifests itself as an exponential 
temporal growth of a separation between trajectories, D (1), in a cer¬ 
tain region of the phase space of a finite measure T: 

D (t) =D (0) exp h t t, D (0)-* 0. (3.1) 

The quantity /»(D = (/i«) r , which is the average of the growth rate 
h„ over T. determines the Kolmogorov entropy. Hence a transition 
from the regular dynamics to the chaotic one is associated with 
a certain specific "bifurcation" which results in the emergence of 
a region T # 0 with h > 0 while h (T 0 ) = 0 for arbitrary T 0 in 
a regular case. 

The local instability can be attributed to some specific features 
of dynamic systems. The most clcarcul correspondence can be estab¬ 
lished for systems of the Hamiltonian type, where stochastic dynam¬ 
ics appears due to the destruction of integrals of motion. Since the 
existence of a particular integral of motion is due to a certain sym¬ 
metry of a system, it is evident that chaotic regimes could emerge 
when the symmetry pattern of the system is changed. Even though 
this conclusion seems to be both loo general and loo trivial, it high¬ 
lights the role of a magnetic field which can substantially change 
the symmetry of the system’s Hamiltonian. 

With two (or even more) concurrent symmetries there can occur 
cither the frustration of one of them (as exemplified e.g. by phase 
transitions) or the vanishing of both with the consequent appearance 
of a complicated dynamic picture that is most likely stochastic. 
The latter case corresponds to a maximally symmetric motion result¬ 
ing from the “destruction” of unperturbed symmetries. Thus, the 
interaction between motion types with different symmetries in the 
system’s Hamiltonian can result in the transition of the system to 
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<lic slalc with a higher symmetry. The maximally possible symmetry 
ol the system is realized by chaotic dynamics and, consequently, 
by the stochastic destruction of the integrals of motion. 

These simple considerations shed new light on the specific role 
of magnetic field in the dynamics of charged particles. Let iis illus¬ 
trate the situation by an example associated with the paradox of 
the disappearance of the Landau damping in a magnetic field 13.11. 

When an electric field is produced in plasma, e.g. in the form of 
a plane wave 

E = £„ cos (kx - (,)/), (3-2) 

the interaction of particles with this field results in the field damp¬ 
ing; this effect is known (in a linear approximation) as the Landau 
damping. The strongest interaction is due to particles being in 
resonance with the wave, that is those satisfying the resonance con¬ 
dition kv — to = 0, where v is the particle velocity. For a given 
particle velocity distribution / (t>), a certain finite velocity region ii» 
exists where the particles are close to a resonance with the wave. The 
situation changes dramatically when we introduce an arbitrary weak 
but finite uniform magnetic field B„ perpendicular to the direction 
of wave propagation. Here we have another resonance condition 
o) — no) f , = 0, 6>„ = eDJmc, n = ±1, ±2. 

which does not include the particle velocity. Hence the linear theory 
immediately leads to the conclusion that the wave damping is absent. 
To solve this paradox requires allowing for nonlinear effects that 
are associated with the overlapping of the resonances and with the 
resulting stochastic motions of the particles 13.11. 

Particle dynamics in the wave field (3.2) or in the field of a wave 
packet, 

£= 2£*cos(Ax-o>»f), (3.3) 


physics. There is a broad range of applications (3.2-3.41 associated 
with this problem, among them stochastic plasma heating and sto¬ 
chastic particle acceleration 13.5-3.8). bounce-resonances in the 
magnetosphere (3.9-3.111. etc. .... . . 

Let us also indicate two kinds of closely related problems, in 
which the new approach of nonlinear dynamics could prove instru¬ 
mental. The dynamics of an electron in a crystal is controlled, in 
, simplest form, by a periodic crystal lattice field with a potential 
f frl — (j (r -- a). Electronic slates (wave functions and energy 
lues) are determined by a corresponding spatial symmetry. 
The nrcsence of an external magnetic field modifies the symmetry 
J . system. Presently known modifications of electron dynamics 
oI "^viewed in 13.121. The problem arising here is close, in the 
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classical limit, to the corresponding problem of plasma physics, 
but with a three-dimensional wave packet (3.3) and <i>a = 0. 

Another interesting example of the magnetic effect and the corre¬ 
sponding symmetry violation is a hydrogen atom in a strong magnetic 
field. The latter can deslrucl the integral of motion and then the 
whole dynamics of the electron as well as spectroscopic properties 
of the atom will change dramatically 13.131. 

Besides the above mentioned aspects of the problem of the particle 
motion in a regular field, e.g. as described by (3.2) or (3.3), with 
a uniform magnetic field included, there exists another aspect of 
a more formal nature. The study of slochaslicity criteria for various 
physical situations reduces to the analysis of some typical models. 
A number of "standard” equations are discussed in the reviews 
(3.14-3.161. The problem at hand introduces a new and poorly ana¬ 
lyzed “standard” equation 

x+h>\,z = A sin (kx—at), 3 4 - 

A = QJ/Ar, fij ■= eEok/m 

that describes the motion of a linear oscillator of mass m in a trav¬ 
elling wave field. 

The present work pursues a number of tasks. Within a unified 
analytical approach we shall obtain known asymptotic forms of 
the solution of Eq. (3.4) and some new asymptotic solutions. In 
particular, a special emphasis is placed on the limit B 9 -*■ 0 and 
on the accompanying universal stochastization of motion 13.17), 
This work also considers the oblique propagation of the wave packet 
with respect to the magnetic field B 0 , criteria for chaotic behaviour, 
decoupling times for phase correlations, as well as a kinetic de¬ 
scription of the stochastic particle dynamics. 

3.2. EQUATIONS OF MOTION 

Let a uniform magnetic field B 0 be directed along the 
z-axis and all the components of a wave packet propagate in the same 
direction. Let us choose the x- and y-axes so that the wave vector k 
lies in the rz-plane. The Hamiltonian of a particle moving in these 
fields has the following standard form: 

»!- 4r ( r -f *•*»•)'"* 2 —»,<). (3.5) 

where P is the generalized particle momentum. y° the unit vector 
along the y-axis and <l>» the amplitudes of the potential of the plane 
wave component. For simplicity, the summation over k will be 
understood in the following way: to each value of k. corresponds 
one value of k L in the wave packet. 
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As follows from (3.5), 


P r = const. 

(3.6) 

This conservation law follows from the fact that all the wave vec¬ 
tors k are coplanar. 

Let us introduce a new coordinate 

x = x—P ll /nuD H ; z = x = u x 
and pass to the polar coordinates 

(3.7) 

- eB, 

z-=psm<p, x = pa>„ cos <p, an = — 1 , 

where p is the gyration radius. Let us also put 

(3.8) 

/ = 4 mw«p*. 

(3.9) 

The Hamiltonian (3.5), with (3.6)-(3.9) taken into account, lakes 
the following form: 

H = -jjj- P\+ 0 B I—e S cos (zk t -j-AxPsinep — <i)»t). 

Using the expansion in terms of the Bessel functions, 

(3.10) 

«'**•"•= 2 Ji (*) 

(3.11) 

the expression (3.10) is transformer! into the following 

one: 

ff--5T«+»„/-<2®. 2 r,«'ip> 

-e>*t).(3.12) 


Below the following simpler notation will be used: 

J «=(.)’„ •«. J,-/. 

« = (*.. * 2 ). 0, = s, 8. = <p. (3.13) 

The Hamiltonian (3.12), in terms of variables (3.13), takes the form 
H = «) = H„(3) + V{J, 6), 

H t (J) = -± r .y' l +<» ll :h, (3.14) 

V (J, «) - 2 1 (I--,,(J)+C.C.I, 

where the perturbational matrix elements V*, are 


(3.15) 
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One can easily see that the variables (.?, d) represent a canonically 
conjugated pair (action-angle) and satisfy the following Hamiltonian 
equations of motion: 

*—ft. ♦•-ft- (•-•.2). (*<•» 

The general analysis of the system (3.16) is a formidable task. But 
we will be mainly interested in the range of parameters, where the 
transition of the regular motion of a particle to the stochastic one 
lakes place. It is well known (sec, c.g. 13.41) that this transition 
occurs as a result of the overlapping of resonances. Therefore we 
begin with the discussion of the types of resonances that con occur 
in the system (3.16) and analyze their interaction. 

3.3. THE RESONANCES OF LONGITUDINAL MOTION 

Consider the case when strong interaction between a long¬ 
itudinal motion along the z-axis and the Larmor rotation of a particle 
prevails. Wo will start from studying particle motion in the field 
of a single plane wave and a single /th harmonic of a potential V 
rather than in the field of a wave packet. Then the expression (3.14) 
for H (.?, 0) reduces to 

Kr-5: + «»J,(3.171 

l/i,, = (*!>»/, (fc^p), yf = k t 9 i + l9 i —a k t. (3.18) 

Equations (3.17), (3.18) and (3.16) yield the equations of motion 


j,= -H\, sin if, 

tf = A,d, + /#,—(!)* = + Uo H — 

= k t v, + /a> jj—(♦(,■ o)hi (o r ). 

The resonance condition follows from the last equation: 

=k t i/i r, + l<o B —<o k = 0. 

In the vicinity of a resonance, i.c. at 


(3.19) 


(3.20) 


K-*4 ,) |««4 r \ (3.21) 

there occurs a strong interaction of two degrees of freedom which 
are described by the variables J„ i = 1, 2. This interaction 
is known as the cyclotron resonance for the normal Duppler effect 
(f > 0) or the anomalous Doppler effect (f < 0) (the linear theory 
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of plasma instabilities due to the cyclotron resonance is discussed 
In 13.181). 

Let us consider the nonlinear theory of the resonance (3.20) 13.141. 
Note first that the first two equations in (3.19) imply the following 
Integral of motion: 

3 = a, const, (3.22) 


J-//>,-*,m« H p»/2. (3.23) 

Equations (3.22) and (3.23) are analogous to the Manley-Raw rela¬ 
tions in the theory of parametric signal excitation. 

The existence of the integral (3.22) makes the system (3.19) inle- 
grnble. Differentiating the equation for t|> in (3.19) yields 

♦ + JM,sin1> = 0, Q Ml = k,(U„/m)'/‘. (3.24) 

Equation (3.24) is that of a nonlinear oscillator. It describes phase 
oscillations (3.141 with a frequency Q,| that is equal, according to 
(3.18), to 

Q« = *« | V (*aP) |' ” • (3.25) 

For strong fields (A A p C 1), 

Qki = *, le |t>*l (A 1 p) l "/2m|>«. (3.26) 

If f — 0. then Eq. (3.26) transforms into the well-known formula 
Q„, = k, le |<t>,|/2ml‘/« 

for the frequency of small amplitude oscillations of electrons cap¬ 
tured by an electromagnetic wave in the absence of an external mag¬ 
netic field. 

The definition of the phase oscillation frequency Q k , should be 
refined. The resonance condition (3.20) and Eq. (3.23) for the inte¬ 
gral of motion ;J determine o'/ 1 and 

pW-p(«P*. •?) (3-27) 

under the resonance. With an accuracy that we estimate later, in 
the vicinity of the [resonance, one can adopt in Eqs. (3.19) 

V» = U„ , (p*'»). 

where p< r > is expressed by Eq. (3.27). 

Thus, in Eqs. (3.25) and (3.26) p’s should bo tnken in tho form 
(3.27). Let us put 

pM = !*</'/»„, 



(3.28) 
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thou Eq. (3.25) transforms inlo iho following one: 

Qm - ««(«' < / ) - v< i) = *» | <Vi (kip') | ,/2 . 

Equations (3.19) and (3.20) imply that 

\|> = Aw„ Aw, mo, — u'/’, (3.29) 

honco Iho equations of the nonlinear resonance (3.24) are determi¬ 
ned by the effective Hamiltonian 

//«'> - i «* - ftf, cos * = i A-; (Aw,)* - Q{, cos « (3.30) 

with the canonical variables if, <f. 

A common solution of Eq. (3.24), with the definition (3.29) taken 
inlo account, is 

k,v s = *,w p - 2Q„ cn (£?*,<. x), (3.31) 

where cn is the elliptic cosine and x its modulus: 

+ <- U2 > 

Here t v) = // ,0 is the value of the "energy" integral in (3.30) 
that controls the phase oscillation amplitude.* Equation (3.31) 
gives the oscillations of the velocity w, with respect to its resonant 
value 


i//’ = (o>» - Uo H )lk t . (3.33) 

Taking into account the definition of the actions .J, (3.13) and the 
integral of motion .1 (3.22) we And, by Eq. (3.31), that 

I = y mci>„p* = J, = (/row,— J)lk, 

==(imwl r) -J)/A-, + 2/mi^cn(» llI f, x). (3.34) 

This expression describes the oscillations of the Larmor radius p 
(or those of the magnetic momentum) in a neighbourhood of a res¬ 
onance trajectory. These oscillations depend on arbitrary values 
of two integrals of motion, f and |M r >. 

The phase oscillation amplitude (the resonance half-width in 
action) follows from (3.31): 

A), =m x max Aw, = 2mQ M /*, = 2(ml/*,)*/* (3.35) 


analogous solution cou be also written for g( r )/Qli > 1. 
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and, analogously, we obtain from (3.34) 

A/ = = 2 (mU h ,) , l t . (3.36) 

Expressions (3.19) and (3.35) also yield the formula for the resonance 
half-width in frequency: 

(3.37) 

Our analysis is valid when 13.14, 3.15) 


where 





(< = 1, 2). 


(3.38) 

(3.39) 


Using Eqs. (3.37), (3.39), and (3.24), (3.25), the inequalities (3.38) 
can be reduced to the form 


&L. = | e4> h J, (k x p)/mv] |'« < 1, 

o' ‘ t (3-40) 

The first inequality from (3.40) shows that the seed longitudinal 
motion of a particle should be sufficiently strong, thus justifying 
the name of this type of resonant motion. The second inequality 
from (3.40) means that the uniform magnetic field should he suffi¬ 
ciently strong as compared with the perturbation duo to a plane 


3.4. THE OVERLAPPING OF THE RESONANCES 
OF LONGITUDINAL MOTION 

The preceding section has dealt with particle motion 
in the field of the monochromatic wave that is described by the 
Hamiltonian (3.17). However, even for a plane monochromatic 
wave with the wave number Ic = (A|, k ± ) the presence of an external 
magnetic field results in the excitation of a great number of har¬ 
monics. This is clearly seen, if in Eqs. (3.12), (3.14) only one term 
in the sum over k is retained 
+ 0 ), 

V k (.7.0)= S [F„(7)«' < ® , ** + ® ,, -"*' > +c.c.|. 


(3.41) 



3. Regular and Chaotic Dynamics of Particles 7» 

Now Eq. (3.20) implies o large number of resonances corresponding 
to different values of /. Let and be the values of v, satisfy¬ 
ing the resonance condition (3.20) for l and l± 1, respectively: 

®»i (fi**) = 0. ®*,, ± ,(i>‘ ,± ")-0. (3.42) 

Then it follows from (3.42) that the distance between the resonances 
in frequency is 

6o> = | co, (w<°)—to, (lai 1 * 1 *) | = <■>„. (3.43) 

Next, one has to consider the resonance overlapping parameter 13.141 



where Ao> is the frequency width of a nonlinear resonance. At K < 1 
the motion of a resonant particle is very close to conditionally- 
pcriodic one and, vice versa, at K »1 there occurs a stochastic 
wandering from one resonance to another. A criterion for the particle 
dynamics to be chaotic is 

* » 1. (3.45) 

For the Hamiltonian (3.41), the condition (3.45), according to (3.37), 
(3.43), and (3.44), can be reduced to 

K„ (3.49) 

"*H “if m “if m 

The condition (3.46) has been obtained in (3.5). It implies that in 
a neighbourhood of zeros of the Bessel function Ji (fc x p) the inequal¬ 
ity (3.45) is violated and there arise stability “islands" with the 
comlilionally-periodic motion of particles. The size of these islands, 
being of the order of 1/max K, decreases with increasing K. 

Consider now the general case (3.14). Let bk be the typical distance 
between neighbouring wave vectors in a wave packet. Then the 
typical frequency difference of neighbouring harmonics is 

<3«> 

Thus, the frequency separation between neighbouring resonances is 
6(0 = min (v», <i> H ), (3.48) 


where 


v» = max (butk, ofik,). 


(3.49) 
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The criterion (3.45) now lakes the form 

K = 4 ^ | <M, (*xP) I > 1. (3-50) 

Iwr 

»'• (3 ' 5I > 

(•»»», 

The expression (3.46) is valid when the inverse inequalities 

<3-52) 

are satisfied. 

The expressions admit an important physical interpretation, 
which should be considered in more detail. The condition (3.52) 
corresponds to rather weak magnetic fields and the onset of chaos 
is governed by the inequality (3.46). But in n strong magnetic field, 
one of the two conditions, (3.50) or (3.51), holds. These latter differ 
in following. We call the wave packet (3.3) quasi-spacelikc, if the 
condition of a weak dispersion, v. > | datjdk |, is fulfilled. Evi¬ 
dently. it is fulfilled, c.g. for low-temperature plasma oscillations. 
For the inverse inequality, v. <K | dtajdk |, the wave packet is said 
to be quasi-timelike. The wavelength width in such a packet is 
small. Each of theso coses is characterized by the individual con¬ 
dition of the motion slochaslizalion, (3.50) or (3.51). These con¬ 
ditions show that for a quasi-timelike packet the inequality (3.50) 
contains no restrictions on v. while for a quasi-spacclike packet the 
inequality (3.51) provides a certain maximum value, max o.. As 
will be seen later, the stochaslization of motion results in an in¬ 
crease, on the average, in the energy of particles. For (3.50) this 
increase is not limited by the condition K > 1 while for quasi- 
spacclike packets the longitudinal cnorgy can only grow up to the 
value m (max v.)V2. This property of the limited longitudinal 
heating is also absent in the case of Eq. (3.46) and this is the main 
difference between the results obtained here and those considered in 
13.4. 3.61.* 

Notice also that the notions of quasi-spacclike and quasi-timelike 
wave packets are rather conventional. If primarily a packet is quasi- 
timelike, then an increase in longitudinal energy transforms it, 
within n certain lime interval, into quasi-spacclike, this in turn 


* In all the cases we have only assumed strong chaos. For any 
value of the parameter K there exist exponentially small regions of the phase 
space of particle diffusion. 
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resulting in a limitation on the increose in longitudinal energy. 
Thus, the mechanism of the stochastic “longitudinal” heuling of 
particles is prone to saturation. This properly is of a rather universal 
nature and it cannot be revealed when a single plane wave is con¬ 
sidered instead of a wave packet. This conclusion is drastically sub¬ 
stantiated by Eqs. (3.47)-(3.49) that determine the criterion of chaos 
initiation (3.45) in the general case of longitudinal resonances. Later 
on we will see how the substitution of the conditions (3.48) for the 
condition (3.43) can also substantially influence particle kinetics. 
The conditions (3.48) have been introduced in 13.191. 


3.5. A KINETIC DESCRIPTION 

If condition (3.45) is fulfilled one can use the description 
of the particle dynamics by a kinetic equation. The inequalities 
(3.40) demonstrate that the perturbation due to a wave packet is 
weak as compared both with the intrinsic kinetic energy of the 
particle and with the energy of the Larmor rotation. Hence the 
kinetic equation can be constructed based on the theory of the per¬ 
turbations in terms of the powers of the field <D». Let us use the 
method proposed in (3.201. 

Let 

/ = /(*. J. ») 

be the distribution function in the phase space of two degrees of 
freedom, (3.13), associated with longitudinal and transverse motions. 
This function satisfies the Liouville equation 

91 . V „ *1 — V I * v 91 9V 91 ) eqv 

ST ± 2) < 353 > 

7 — 1 .* 7 - 1.2 

where the perturbation potential l - ' = V (J, 0) is defined in (3.14). 
Lot us expand / and V into series 

/(«; . 1 , »)-2 [/'"'(•?. 0 *“"• •-•'>+c.c.|, 

V (d) = S1 V,e Hl - + c.c.J 

with the following notation 

* = (*!. *j). *i ■=■*«. s i= 1 ’ 

(s, 0) -s,d, + *,«, = Mi tJ»j, 

(n, 0—(Ot) = n, (0,—o>,t) -r n 2 (Oj—<o,t)- 
Besides, the summation over k, assumes simultaneously the sum¬ 
mation over the relevant values of k ± . 


(3.54) 


(3.55) 
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Substituting (3.54) into (3.53) gives the following equation for 

/<"> (J. <): 

«-=! s 2 2 {va «(..-.-!»)*■>- 

- V.,, isi «(„+,_ ,„) -»«•>' 

— rn. jj — Z 1 " 1 ^ (n— 8 — ni) e' !( "~ 

(» 5°) 

In particular 

-^■ = i S {I'.(0(s)/<- , )e ,< *-" H "‘“ k * 

- V., (0 (*) /<*>)«' 

+ (0(*)F t ) /<->«“*• 

- (D (s) V.,) /<•) *-«’• (3.57) 

where 

*<•)-(*■ £)-*.wr+*-rar- (3 ' 58> 

Equation (3.56) yields the formal solution 

/<") (J, t)= j (ft (right-hand side of (3.56)J 

and we substitute this into the right-hand side of Eq. (3.57). This 
yields the following: 

[*,SS{««"“’[v.(..^)+(..-5aH] 

x[V- pp) 

«•>(.,.pP)\ 

[ v - (*■ «y) + (‘’ 

. .^)])- 


(3.59) 



3. Regular and Chaotic Dynamics ot Particles 77 

Let us apply the “coarse grain” operator «...» to (3.59), this opera¬ 
tor being an averaging over initial phases 13.201: 

J d«,(0) .. .. (3.60) 

The action of this operator and the integration in terms of I, in 
(3.59) can be interchanged. Lot us denote also 

F(.y, t) = «/«•» (.7. t)» (3.61) 

and define the correlators: 

.#.(<) = «*«•■“"» (3.62) 

When the stochaslicity criterion K > 1 is fulfilled the formulas like 
those of (3.62) can be approximated as (3.9, 3.101 

,tf.(0~ (3.63) 

where the expression for the characteristic lime of correlation de¬ 
coupling x e will be given below. 

By performing the above operations, choosing the principal (non- 
oscillating) terms up to the second order, and taking into account 
(3.61)-|3.63), we obtain from Eq. (3.59) the following: 

4f-= 2n S O(»| V. 1»A«s. .)+«,)»(,)F. (3.63) 

where 

< 3 - 65 > 

As 1 t,. —*-0. we have A (|) -*- 6 f£). Now it is possible to express 
the kinetic Eq. (3.64) in an explicit form, with a due allowance for 
the notations from (3.58), (3.15), and (3.13), 

2 2 i*»!*(*■ 

' J '(*■ vdsir) F - 

(3.66) 

The kinetic equation for given random fields having finite correlation 
times for Ap <£ 1 has been obtained in (3.211. Here the characteristic 
time of the correlation decoupling can be found directly from par¬ 
ticle dynamics. Consider this problem in more detail. 

The papers (3.20, 3.22) have demonstrated that for K » 1 
t 0 ~ 2J71n K, 


(3.67) 
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where T is (he characteristic time interval of a mapping. However, 
the most important point for us is that 

T = 2n/6(i), (3.68) 

where 6<o is the frequency separation between resonances. Formulas 
(3.67) and (3.68) have been derived for constant values of T and 6a> 
and for an infinite number of resonances. These formulas are valid, 
if the change So> is sufficiently small 

^-ln«®<l (3.69) 

and the number of resonances is sufficiently large 


N: 


(3.70) 


Here o> mol and b) mln are the maximum and minimum frequencies 
within a wave packet, respectively. 

Taking into account the inequalities (3.69) and (3.70) we find, 
by (3.46)-(3.51), that 


( w » 3, jir| eA ' 3,t '' 6A ''<)' 


l¥l“ 


^-In 

(tt> H 2>v,6k, >| ~- 


4**— 


(3.71) 


1 1 I I 

i„-—-, 

(»•<“*. HSrW- 

These expressions determine correlation times for basic possible 
cases of longitudinal resonances. 


3.6. EQUATIONS OF TRANSVERSE MOTION 

Let us study a wave packet moving perpendicular to a 
magnetic field. Let this direction be the x-oxis, then k , = 0 and 
one can put P, = const = 0. In what follows we omit the subscript 
“_L” at k and t> to simplify notation. 
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The Hamiltonian (3.12) lakes here the following form: 

H=u>„I-e 2 Jl 1VM*p)cos(/9-«*<). (3.72) 

The probjem is characterized by the fact that, in the absence of 
perturbation, there is no seed nonlinearity. To begin with, consider 
the particle motion when there is a single wave rather than a wave 
packet 

H = <*>„/ — cos (fcr—(a,/) 

= a„I-e<t> k S /,(*p)co9(Jq>—a»at), (3.73> 

where the notations (3.8) are accepted. In terms of the variables 
(x, x), the equation of motion has the form 

x-r<i>}|X=-^-<I»aCOs(fcx—®*<). (3-74) 

In terms of the variables (/, <p), these equations acquire the follow¬ 
ing form: 

i=-^L=-eO> k S U,(kp)s 

(3.75) 

= = S cos(/y—( o»<). 

where I and p are related by (3.9). Equations (3.74) and (3.75) dem¬ 
onstrate that the nonlinear character of the problem is only due 
to perturbation. Furthermore, the right-hand side of the system 
(3.75) can include a large number of harmonics that strongly affect 
the motion, i.e. those close to resonance. 

In the lowest-order approximation, 

<? = “)„ 

and therefore the resonance condition lakes the form 

h®H = <■>». (3.76) 

where l 0 is a certain number. Let us further presume that the con¬ 
dition (3.76) is approximately fulfilled for a certain l 0 1. Wc will 
be interested in the case of rather weak magnetic fields B 0 . Hence 
the following condition takes place: 

Arp ■= kvl o) H > 1. 


(3.77) 
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This inequality means that only those terms in tho summations 
over I in (3.75) considerably aflecl the particle dynamics for which 
1 1 I < Arp. (3.78) 

Hence the cases are feasible when the resonance (3.76) is either 
within the region defined by (3.77), i.e. 

1 < /„ < kp, (3.79) 

or when 

1 <Ap < l„. (3.80) 

Below we consider the situation which corresponds to (3.79), since, 
in the case of (3.80), the influence of the first-order resonances is 
exponentially small. 

Qualitatively, the motion corresponding to the system (3.75) 
can be described in the following way. The right-hand side of Eq. 
(3.75) contains A l harmonics with the numbers close to the resonant 
value l„ and with action also close to the resonant one. We will 
determine this number below. It satisfies the evident inequality 
1 < A I < /, 

that will be assumed below as fulfilled in a more strong form 

1«A l<l„. (3.81) 

Proceeding from (3.81) one can present Eq. (3.74) as 

—£-0„ S SI(Wsin(lq>—u k t) 
teat 

2 •'KM sin (/<p-(o„0 (3.82) 

and decompose (he particle motion into a rapidly oscillating com¬ 
ponent 6, that is due to all nonrcsonnnl terms, and a slowly varying 
component X, that is due to the action of resonances and a weak 
external magnetic field. Let us represent x in the form 
x = X +1 

According to (3.82), the equation for £ has the following form: 
i-rwhl 2 /»(*p)sin(hp-<■>„<), 
whence we easily find 

: - — -g 1 2 h <*p> »■ Vf-v), 
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where only the terms of the order of Af/f 0 and OrAo* are retained. 

The averaging over rapid oscillations enables us to derive the effec¬ 
tive potential for a slow-term evolution: 

r=4mF=-r(-£r)' 3 nm- (3-®) 

Now the effective Hamiltonian of the slow motion has the follow¬ 
ing form: 

H(X) = H„+V + V r , 

H a = <o„I, 

V r =-e<t> k 2 /, (Arp) cos (!<p - «»t). (3-84) 

I = \m p=i*/®J, + X* 

X = psin<p, X = p<D H cos(p. 

For convenience, the Hamiltonian ff can be rewritten as 

H= H (/, 9) = (/) + V r (/, 9), (3.85) 

»,(/)- H t (I) + V(I). 

Thus, the potential of a rapidly oscillating field gives rise to non¬ 
linear particle oscillations, i.e. to the dependence of frequency on /: 

L = „„+i(rgL)- S „(*,). 

leal 

(3.86) 

Let us use the relation 

,J. •'WP ) = 1 

to reduce oi (I) to the form 

S(J>=«H~i-(-£H*3r 2 Wp)- (3.87) 

ieai 

The emerged nonlinear correction to frequency describes a regular 
deviation of a particle trajectory from a circular one due to the com¬ 
bined action of magnetic and wave fields. 
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Using Eqs. (3.84)-(3.87) the equation of motion for the slow vari¬ 
ables (7, 9 ) can be written in the following canonical form: 

'—-%---2 i/,(ip)»i n (/ T —0..0. 

- _ 1641 (3.88) 

V=-jr=<»(I)—e®*-£r 2 /|(A:p)cos(f 9 -Ci)»t). 

In what follows, of importance is the estimate of the orders of 
magnitude of terms entering into the equation for 9 . Let us fix the 
value of f„ that determines, via (3.76), the resonance number and 
let B t 0. Tho inequalities (3.79) and (3.81) then yield 

AI < /, < kp. (3.89) 

This relation enables the asymptotic form 
/, (Ap) - ( 2 /nAp)'/« cos (Ap - nl/2 - n/4) (3.90) 


to be used in Eqs. (3.88). The following form of the last inequality 
in (3.89) is also useful 


(3-91) 


In physical terms, this expression singles out a group of particles 
moving with a velocity exceeding the phase velocity of the wave. 

Substituting (3.90) into (3.88) roduces the equation of motion to 
the form 


7as —(2/nAp)'/*<rfl> <l l <1 2 cos(Ap— nl/2— n/4)sin(/<p— co*f). 
16 at 

S n»(*p 


— nl/2— n/4) cos (l<p— w»f). 

Let us introduce tho dimensionless parameter for tho perturbation 
of a particlo by the wave field 

e = 2«0ymi> 2 <l (3.93) 

and estimate the orders of magnitude of various terms that arc in¬ 
volved in Eq. (3.92) for 9 . We have 

6 , = | <■)(/)— <0 h ' I f~ - 3 ^- e 2 -jj-j- <■>« AI. (3.94) 


Analogously, the order of magnitude of the last torm in the right- 
hand side of Eq. (3.92) for 9 is 


6 2 ~ On,!/. (kv )‘ n • 


(3.95) 
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Comparing (3.94) and (3.95) yields 



Now we can see lliat I lie ratio (3.96), combined with the inequalities 
(3.91), (3.93), and (3.81), describes two physically different cases. 
When 6, » 6 2 , the main role is played by the nonlinearity due to the 
nonrcsonanl, rapidly oscillating terms that induce the dependence 
of to on the action /. In the opposite case, when 6, 3* 6j, one can 
neglect the nonlinear correction to frequency and assume a (/) as 
(Oj|. Merc the nonlinearity of the motion is due to the nonlinearity 
in the last term in Eq. (3.92) for <p. Evidently, this situation is 
realized in the limiting case of very weak fields. 


3.7. THE RESONANCES OF HIGH-ENERGY 
PARTICLES 


Particles are said to be high-energy when they move at 
velocities satisfying the inequality 

6» > 6,. (3.97) 

Under the condition (3.97) the basic dynamic features are deter¬ 
mined, ns noted above, by the system (3.92), with the last term in 
the equation for q> neglected. At an isolated resonance, the motion 
is governed by the system 


/ = — ()' /2 *«Vo cos (Ap—nf/2—n/4) sin (lq> — a k £), 

<p = »(/). 


(3.98) 


The resonance width can be found in the same menner as it has been 
done in Sec. 3.3. We have 


VesArp— nf/2—n/4, 

whence 

With (3.96) and (3.99) taken into account, the inequality (3.97) 
guarantees that the perturbation is weak, A/// <1. 
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The resonance frequency width can be found from the equation 

Whence 

O.-00, 

The frequency separation of resonances, See, con bo determined from 
the conditions for a pair of neighbouring resonances 
foT (/1) = <o», 

(< ± 1) <o (f J*|) = w*. 

Whence 

6o>= |«(/|) — to(/,*,) | = ^-+ 0 (1//). (3.101) 

Equations (3.100) and (3.101) yield the condition for tho onset of 
stochaslici ty 

( 3 - 02 ) 

As in tho case of longitudinal rosonancos, tho factor cos *K gives rise 
to narrow (of the order of ilk) ranges in volocily, with the stable 
motion. The quantity Af characterizes tho numbor of the nearest 
overlapped resonances and Af ~ 1 in tho vicinity of tho slochoslicily 
threshold. 

Tho formulas (3.101) and (3.102) also determine the decoupling 
timo of tho phase q> correlation 

-''‘•-•sr 1 "*'- ( 3 -°3, 

One of the most ossonlial features of tho caso is tho appearance of 
the characteristic lime o j */(■>), in phase relaxation procoss which 
replaces tho Lnrmor period. 


3.8. RESONANCES IN A WEAK MAGNETIC FIELD 
Tho caso opposite to tho inequality (3.97), i.e. 

6, » 6„ (3.104) 

is considered in (3.71. In tho syslom of equations of motion (3.92) 
one can pul <o (/) « o,„ ond retain tho last term in tho equation 
for <p. 

Lot us demonstrate how the result of (3.71 can be dorived from 
the same qualitative considerations ns in the preceding section. By 
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the inequality (3.104) and the notation (3.95) we have from the 
second equation in (3.92) the following: 

< 3 - ,05 > 

Using (3.101) for the separation between resonances we have a sto- 
chnslicily condition in the following form: 

-Sr (■a)’>'< 3 - ,06 > 

The factor like cos V is omitted here for simplicity. 

The results obtained from (3.102) and (3.106) show that, inde¬ 
pendently of the magnetic field strength, there always exist velocity 
ranges where particle dynamics is chaotic. This phenomenon results 
in an increase in the particle energy and, as a consequence, in 
wave damping which will be considered below. 


3.9. GENERALIZATION TO A WAVE PACKET 


In Sec. 3.4 it has been demonstrated how, in the pres¬ 
ence of wave motion, one passes from the problem of a motion in 
the field of a single wave to that in the field of a wave packet. Let 
us apply this technique to the transverse motion specified by the 
Hamiltonian (3.72). Instead of the equations of motion (3.75) we 
have the following ones: 

/ = - e 2 2 (ftp) sin (l<t -e>*0. 

* (3.107) 

<p =•««-• s s *y cos (bp—<o*o. 


Now ibis system admits much more diverse cases. Here we con¬ 
sider Ihc simplest case, viz. when it is assumed that the characteristic 
frequency separation <o* within a wave packet satisfies the inequality 

l3 ™ ) 

Hence the frequency separation is obtained not from (3.101) but from 
(3.108). This at once yields 


(-£)’>< <«.»«■ 

(-&)*»' 


(3.109) 


where Aio, and Aco, are given by (3.100) and (3.105), respectively. 
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The effect of a wave packet is most pronounced for sufficiently 
strong magnetic fields, when Arp < 1, or at small values of the wave 
number k. In this case the resonances can occur even at small num¬ 
bers of the harmonics, l, but there can exist many of them due to the 
modes composing the wave packet. This case, however, will not be 
considered here. 


3.10. A KINETIC DESCRIPTION 
OF TRANSVERSE MOTION 


With one of the conditions (3.109) fulfilled, the particle 
motion can be described by a kinetic equation for the distribution 
function F = F (v x , t). This equation can be directly derived from 
(3.66), by putting Ar t = 0, u, = 0 in the latter and by substituting 
(o (/) for <i> M in the A-function. This yields 


4r-ri S 


Si®. 

(3.110) 


With the condition (3.108) fulfilled, the separation between reso¬ 
nances is determined by the separation between modes in a wave 
packet. Therefore the characteristic time of the correlation decoupl¬ 
ing is given by 




when 6,/6, » 1 or 6,/6, » 1. respectively. 

If instead of a wave packet we only consider a single wave then 
formula (3.110) should not contain the sum over k while formula 
(3.111) should be replaced, according to (3.103) and (3.106), by the 
following one: 

(3.112) 


Let ns estimate the diffusion coefficient in the latter case. 
Let us present Eq. (3.110) in the form 


4f~b l3 - 113) 

and only consider the diffusive acceleration of resonant particles. 
Then 
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where the phase ? = jcv x /u) B — nlJ2 — n/4 controls high-frequency 
modulation of the diffusion coefficient. With this modulation neg¬ 
lected, let us evaluate, by Eqs. (3.113) and (3.114), an increase in 
particle energy 

g = -g- ro j *^M.. (3.115) 


Substituting (3.115) into (3.113) yields 


<f# 

dt 


«*** I <P> I* / <»* \» I 28 \-S 
“ 2ma>K In*,., I * / \~l 


Whence as t -*■ oo 


(3.116) 


where 


8 « ~ W 


C = 


5 /«)i/*«*|4»*l’ul 
8(2/ fa> H In AT,., ’ 


(3.117) 


The last expression indicates that, by the inequality kv > tea, 
there occurs the "healing” of particles whose velocities are at the 
“tail” of the distribution function. Formula (3.106) shows that, as 
the magnetic field decreases, particles with an ever decreasing ratio 
kultDu become involved in the stochastic heating. However, the cor¬ 
relation decoupling time simultaneously increases roughly as l/a>}g 
(see (3.112)). 

Strictly speaking, formula (3.117) does not completely describe 
the energy increase for all particles. The fact is that thestochastiza- 
tion of motion can occur within a wide velocity range, the region 
of <oi, —• kv 13.161 included. However, in different regions the diffu¬ 
sion coefficient has a different form which can be easily derived in 
each specific case from the general formula (3.110). Expression (3.117) 
holds when the distribution function provides a majority of particles 
in the velocity range satisfying the inequality (3.106) at u> h /kv <1. 
Then the general postulates of quasi-linear theory enable wave 
damping to be found by the law of energy conservation as follows: 


■ -4r” "■sr c * 1 *®» 

(3.118) 


r 2‘/»e*m‘/ a 1 

= 5 k> <*H 1 “ *„,• 
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Asymptotically, as t -*■ oo the law (3.117) can be used for t (<). 
Then (3.118) implies 

-4ri$ i =- c ‘( Ct )' ,li - g»-l 

«» = const x exp l-CJ[Ct)*>). (3.119) 

The last expression describes the formation of an asymptotic energy 
level of fluctuating fields. This finite level is due to the termination 
of the increase in particle energy (see (3.116)) at sufficiently high 
energies. 

3.11. QUASI-RESONANCE PARTICLES 

Assume again that a wave propagates perpendicular to a 
magnetic field B 0 and the particle motion is described by Eq. (3.4) 
or (3.74). 

Until now we have considered the resonances of particles with a 
sufficien tly high velocity, d, = ti> talk. Such particles weakly 



Fig. 3.1 


interact with a wave having a phase velocity a>lk. In fact, all the 
particles with v>wlk have, within a certain time interval, a veloc¬ 
ity t» x ~ talk. Within this interval there occurs an intense inter¬ 
action between the oscillations associated with particle trapping 
by a wave and a gyration in the magnetic field (Pig. 3.1). Let us 
denote the relevant moments of time, when two successive particle- 
wave “collisions" take place, as t, and t,+, (see Fig. 3.1). 
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The particle-wave “collision" can actually last for a fairly long 
time and hence it should be classified as a strong collision. The 
theory of the relevant process as <■>„-♦-0 has been constructed in 
13.17, 3.24). Let us present here its main findings. 

Ensuing simple estimates will clarify the qualitative picture of 
the particle-wave interaction in the limiting case S„ 0 (co H -► 0). 

All particles with v > talk can intensely interact with a wave. 
Results obtained in (3.81 suggest that the velocity change due to 
such an interaction 

An, ~ ekdijlm (o» fc «o w )»/*J (3.120> 

(accurate to a certain phase factor). On the other hand, according 
to the equations of motion (3.74), 

A P z = m Ai», ~ efctf),t„ (3.121) 

where t, is the duration of the collision with a wave. Comparing 
(3.120) with (3.121) shows that 

t, = l/(caKa H )>/». (3.122> 

Hence the particle-wave collisions are instantaneous when x, « t, = 
2ji/Q 0 or, by taking into account (3.122), 

«!-?■*>• (3,23> 

It is this condition (3.123) that has been used in (3.8). However, 
it does not allow us to pass to the limit <o M -*■ 0, therefore in this 
case one should consider large values of the parameter q, i.e. 

q > 1 (3.124)i 

which, as will be seen later, means a longer particle-wave interaction 

Let the state of a particle be specified by its velocity v z and the 
wave phase 0 at the moment of the collision. Let us introduce the 
notation 7, = t, — 0, where is the collision moment. Then the 
particle trajectory can be represented by the Poincard mapping T as 
follows: 

(jf 1+1 , #,♦,)■= f{%„ 8,). (3.125) 

where 

t = mtiJ/2, Vi = v z (t,), «, = «(<,). 

Let us denote by t ( i( the duration of a particle “trapping” within 
a resonance region t,. Then the time T, needed for one mapping 
step is 


«#-+*..« + • 
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By these expressions the mapping (3.125) lakes the form 

di», = d, 2n/<i>, ( + <•>* (t,, + t,. i) (mod2n), ' ‘ , 


where the quantities Ag and t, are to be found. They are derived 
under the condition (3.124) in [3.17, 3.24) by matching solutions 
for the external (relative to the wave) and internal regions: 


~-fjj-n in n. 


(3.127) 


where / (ft) is a periodic phase function satisfying the condition 

I / W I < 1. 

The quantity t, is simply the oscillation period of a particle, 
trapped by a wave, on an energy level 


g=g««(l +JL) , g»> = e<D* 

multiplied by the number of such oscillations, .V = q 1 . This 
very fact represents the effect of the strong interaction with a wave, 



when, over a long period of time, a particle moves along the i-axis 
at a velocity close to the wave phase velocity mjk [3.1) (see Fig. 3.2, 
where the resonant interaction regions are hatched). 
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By formiiIns (3.127) Id us calculate the phase change Ad in the 
mapping (3.126). Wo have 

Ad,=e>»*.(Si* l . d ( ) + e)*T,(?| t „ d,) 

l(S, 

- 2m, ((,) + *>. —ffi 1 At (S„ «,), (3.128) 

Using Eqs. (3.127) and (3.128) we find 

*-I I ~-£- ln S I /'(O') I- (3.129) 

At K > 1 there emerges stochastic particle dynamics. It is not diffi¬ 
cult to see that the condition (3.124) automatically leads to the 
inequality 

K>1. (3.130) 

Thus, when strongly interacting with a wave, all the particles with 
the velocities t> > talk hove stochastic dynamics and they arc sto¬ 
chastically healed. Let us use the foci that, according to [3.24), 

«/(«)» «o, «r- («)» ~ l, 

whore 'ho brackets ((. . .» denote averages over the phase d. 

Then I he energy growth rato can be found from the expression 

(3.13!) 

which uses the relation Ao x = A i£lmv x as A-Ag/mco*. Hence the 

V8-T4f—T (3 ' 182 > 

Correspondingly, in a self-consistent case an increase in the par¬ 
ticle energy results in wave damping. Tho damping rate can bo 
obtained from the conservation of total energy of both tho wave 
and tho particles having velocities i> > talk. This yields 

*-vis-r~5r ( 3 - 133 > 

where n is the particle density at v > a>lk and IV is the wave energy 
density. 

Equation (3.133) shows that as 0 the wave damping rate 
tends to zero as 

VocflJ In*- (1/B 0 )- (3-134) 
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The subsequent development seems to be rather apparent. As 
B t -*■ 0 Eq. (3.134) indicates a rather rapid tendency of y to zero. 
Therefore, starling from certain, rather small values of B 0 , the 
escape time of initially trapped particles from the wave potential 
well becomes sufficiently long and exceeds the value of ily. Then 
the particle-wave interaction results in the usual nonlinear Landau 
damping, that is accompanied, however, by dissipative mechanism 
due to the above collisions. This also means that the usual Landau 
damping for a transverse wave in the magnetic field is replaced by 
an irreversible damping, in which, however, the irreversibility 
(phase mixing) is characterized by the time T m | Z ~ l/(<o H In K) 
that increases with diminishing value of the magnetic field B„. 
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The Renormalization Group Method 

and Kolmogorov-Arnold-Moser Theory 

K. M. Khanin, Cand. Sc. (Phys.-Math.) and 
Ya. G. Sinai, d. Sc. (Phys.-Math.) 


4.1. INTRODUCTION 


The class of two-dimensional conservative twist maps 
and, within this class, the standard or Chirikov mop serve as main 
examples where the Kolmogorov-Arnold-Moser theory is applied 
14.1). Recall that the standard map is a cylinder's map M= S l x R l 
having in terms of the natural variables (<p, z) (where 9 is the phase 
and z is the amplitude) the form T (9, z) = (9', z'), where 


5w, 

9' = 9 t z' (mod 1). 


(4.1) 


Let us choose a rotation number o> satisfying some incommen¬ 
surability conditions 14.2-4.41. The KAM theory states that if 
| k | ^ k ct (<o) then there exists an analytical periodic function 
a a (9) such that a curve F B = {(9, a a (9)), 0 ^ 9 < 1} is invari¬ 
ant with respect to T and on T B one can choose a new cyclic param¬ 
eter ¥ such that reduces, in terms of the variable T, to 

a rotation through the angle <0: Given sufficiently 

small k's the set of the invariant curves r o has a positive measure. 
According to results of many numerical experiments beginning 
from a well-known work by Greene (4.5), as k increases, the area 
occupied by the invariant curves decreases and at k > k ct = 
max k cr (o>) such invariant curves are absent at all. By order of 
magnitude k e , is the same as the number entering into the Chirikov 
resonanco overlapping criterion (4.1) and at k > k ct it is assumed 
that tho standard map T possesses stochasticity properties, although 
rigorous mathematical results concerning this problem are not as 
yet available. 

Numerical experiments show that ker ~ 0.972 and is close or 
even coincides with A- er ((o 0 ), where co 0 is the “golden-mean”, i.e. 
<o„ = y()/5 — 1) = [1, 1, .... 1, ...1, where (r,, r.,...) is the ge¬ 
nerally accepted notation for the continued fraction l/(r, 4- l/(r, + 

. . .)) (4.61. The upper bound of k et is also theoretically estimated 
(4.7-4.91. Most strictly it was estimated by MacKay and Percival 
(4.91 to be A- Cr < 0.984. However, the latter estimate belongs to 
computer-assisted results, while the results of 14.7-4.8) are purely 
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theoretical. The lower bound of k e , can bo only obtained by refining 
the estimates that ere provided by proofs of the KAM theory. Here 
the situation turns out to be much worse. The best result known to 
us belongs to Herman (see 14.91) and it is k er > 1/34 « 0.03, i.e. 
much less than the true k er value. In multidimensional problems 
the discrepancy between k cr and theoretical estimates might be 
even more substantial. 

Proofs in the KAM theory arc constructed by appropriate changes 
of variables in over narrowing domains, which rcduco in the limit 
to a transformation in a required form. In the case of Hamiltonian 
systems or simplcctic transformations tho changes of variables are 
canonical. 

Now approaches to constructing tho invariant curves for twist 
maps were proposed by Pcrcivol 14.101, Mather 14.111, and Aubry 
14.81. These approaches differ but little and we will present here tho 
approach used by Aubry 14.81 in more detail. 

Aubry considers the problem of “commcnsurabilily-incoinmen- 
surobility" phase transitions within a chain of the Frcnkcl-Konlorova 
typo 14.121. A sequence of point masses on a straight line is consid¬ 
ered; tho masses interact by clastic forces between neighbours and 
are under the action of a periodic external field. In the simplest 
case tho potential cnorgy of such a system of particles has the form 

u ({*n}) = J S [(*n-*n-.-Y) 2 + 7^(1 “ COs2;l1 ")] • 


where y and k ore parameters. 

Aubry introduces the following. 

Definition 1. A sequence {.t„} is called a ground stale, if for any 
soqucnco (x„), obtained from {.r n } by shifting a finite number of 
particles, we have U ({•£„}) — U ({*„}) >0._ 

This relation implios that the sequence {.r,,} must satisfy the 
difference oquation of the form 

-jSL| (4.2) 

Let us put z„ = x n — T„ = x„ (mod 1), then (-4.2) yields 


2„+, = z n+-£r S' n 2n<P», 


(4.3) 


<Pn*l = <Pn+2 n *l(m0dl), 

and we obtain tho standard map (4.1). The relations (4.3) imply that 
T (<p„, z„) = (<p„+i, z„+i), i.e. the sequence (tp n , z„) forms the tra¬ 
jectory of the standard map. In other words, the ground states 
in the Aubry sonse correspond to some specific trajectories of the 
standard map. 
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II is worthwhile noting that the notion of the ground state accord¬ 
ing to Aubry is close to other similar notions. As early as in the 
1920-30s Morse 14.13) and Hedlund 14.141 studied the general prop¬ 
erties of geodesics on two-dimensional Riemannian surfaces. Of 
main importance was the notion of the class A geodesic. Each geo¬ 
desic v that minimizes the length functional among all the curves 
obtained from y by a variation over a finite segment is called a geo¬ 
desic of the class A. It is clear that structurally the notion of the 
class A geodesic is the same as that of the Aubry ground stale. And 
in general there is much in common between the Aubry and Morse- 
Hedlund theories. In a more general way, suppose that on the phase 
space of a Lagrangian system having a Lagrange function L (x. x) 
a system is specified whose trajectories are extremals of the variation¬ 
al principle 

6 ( L(x, x)dt = 0. 


Let us call a class A extremal any trajectory for which the functional 
^ L (x, x) dl is minimal among all the curves obtained from this 
extremal by a variation on a finite segment. Thus we obtain the 
definition of the same type as Definition 1. 

On the other hand, the general theory of phase transitions in tho 
statistical mechanics of lattice systems also introduces a general 
definition of the ground state. In (4.151 a configuration <p = 
{<p (z), z 6 Z-} is called a ground state, if for any finite V 6 Z* 
and any configuration <p coinciding with <p outside V, an inequality 
H (q>) — H (cp) > 0 holds, where H is the Hamiltonian of the sys¬ 
tem. Certainly, this definition is also similar to the Aubry definition. 
To be more exact, it can be considered as a generalization of the 
Aubry definition to the case of multidimensional time. 

In (4.16) Aubry and Le Daeron proved a number of important 
properties of ground states. It turned out that for each ground state 
there exists a rotation number o> = lim An analogous state¬ 
ment for class A geodesics was proved by Hedlund (4.14) and Morse 
(4.13). Moreover, ground stales that have irrational rotation num¬ 
bers and satisfy some other, less important conditions always have 
the following form: for a certain periodic function F u (q>), any ground 
state can be represented as x n = mo + <p 0 + F a (n® + q> 0 ). If 
the function F a is continuous, then a relevant trajectory of the stan¬ 
dard map lies on a continuous curve encompassing a cylinder M. 
Yet if F„ is discontinuous then the relevant invariant set is uniquely 
projected onto the 9-axis in the form of a closed, nowhere dense 
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set of the Cantor type. Percival (4.17) calls these invariant sets 
cantori. As follows from the paper by Lazutkin and Terman (4.18) 
-continuous curves in the Aubry theory contain invariant curves 
that can be constructed in the KAM theory, although in the KAM 
theory the trajectory as a ground state does not appear in any way. 
It would be interesting also to investigate analogous problems in 
the multidimensional case. 

The above said partly clarifies the evolution of invariant curves 
in the KAM theory: when the parameter k increases these curves are 
not bent and not complicated but they simply transform into cantori. 
Thus an absolutely novel type of bifurcations emerges here that has 
not been studied in mathematics before. 

In physical publications such bifurcations are studied by the 
Tenormalization group method, which has been instrumental in 
the problems of statistical mechanics and quantum field theory. Let 
us describe the essence of this method. The mathematical basis of 
the renormalization group method is extremely simple. First of all, 
this method belongs to the "hyperbolic” theory. In the simplest 
cases there emerge fixed points of nonlinear transformations, that 
are called the renormalization group transformations, for which 
the spectrum of a differential at a fixed point is examined. It is 
required that this spectrum is inside a unit circle. Often it is also 
necessary that the only eigenvalue of the linearization operator lies 
outside the unit circle. Generically, it is clear that if there is a one- 
parameter curve C l adjacent to the unstable manifold of the fixed 
point, thon this curve will intersect the stable manifold of the fixed 
point at a certain point. As a rule, phenomena that pertain to this 
intersection point are of interest to us. The resulting mathematical 
-difficulties are due to the fixed point lying in a complicated function¬ 
al space so that the studies of the spectrum of the differential and, 
moreover, the construction of stable arid unstable manifolds as well 
as tho analysis of intersections become nontrivial. Sometimes these 
difficulties are of a physical nature. 

The renormalization group method was for the first time applied 
in the theory of dynamic systems by Fcigcnbaum (4.19, 4.20) in his 
studies on the universality of the sequencies of period-doubling 
bifurcations (see also (4.211). Subsequently this method was dis¬ 
cussed in (4.22-4.24) as applied to the studies of the bifurcations of 
invariant KAM curves. 

In the present publication the renormalization group method is 
applied to two problems: to that of the rectification of a nonlinear 
circle transformation and to that of the construction of invariant 
curves of tho type of invariant KAM curves for the standard map 
and typical rotation numbers. Bstimates obtained by the method 
seem to be much better than those obtained by the KAM theory, 
so that one can derive realistic boundaries of the existence domain 
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0 f invariant curves. 

Of great importance for us was the Plt.D. thesis by MacKay 14.251 
dedicated to related problems. Essentially, our results can be con¬ 
sidered as the fulfilment of the MacKay desire to develop the renor¬ 
malization group method for typical rotation numbers (in a sub- 
critical domain). 

4.2. RECTIFICATION OF THE NONLINEAR 

ROTATION OF A CIRCLE 

Let us consider a family of circle maps, T a : 9 q> -j- 
Q -i- 2^ s ‘ n 2n<p (mod 1). For small k's this family was studied 
by the KAM theory method in an earlier paper by Arnol'd 14.261. 
At | k | < 1 the transformation T a is a circle diffeomorphism with 
a corresponding rotation number e> = o> (Q, Ac). Recently Herman 
14.27. 4.281 has shown that for typical <o's a coordinate transfor¬ 
mation reducing T a to the pure rotation is analytical. Besides, the 
form of T a implies that, for each k, to is a monotonic function of Q. 
In addition, this function is of the Cantor type and its flat parts 
correspond to rational rotation numbers and form an open, every¬ 
where dense set. The KAM theory shows that for small Ac's the set 
of Q values corresponding to sufficiently incommensurable irrational 
numbers forms a Cantor set of a positive measure. Recently Jensen, 
Bak mid Bohr 14.29, 4.301 studied the case of k = 1. It is believed 
that at A- — 1 in this problem phenomena lake place that are close 
to the destruction of invariant KAM curves and to the bifurca¬ 
tion <•! the latter into cantori. The numerical results of [4.29, 4.30] 
show that at k = 1 the Hausdorff dimension of the set of the num¬ 
bers 11 corresponding to irrational rotation numbers is close to 0.9. 

Now let us describe in detail how the renormalization group 
method is applied to our problem. We will take an irrational rotation 
number o> and its expansion into a continued fraction » = [r^ 
r„ . . ,|. According to the classical results of Poincare and Denjoy 
(4.31. 4.32], the Q value at which the rotation number e> is realized 
is unambiguously determined by the fact that for any point 9, £ S l 
and for any m the order of the points <p 0 , <p„ .... <p m , 9, = 7 q 9 0 , 
0 < i 5^ m, on the circle is the same as that of the points 9 0 , 9 0 — 
0), . . ., <p 0 4- mw (mod 1). This statement can be expressed in 
a more compact form. Let us consider successive approximations 
p„/q n = [r,, . . ., r„] for a rotation number <0 and points 9 , B = 
Zq"<Fo. b = 1, 2, ... . Then T 0 has the rotation number o> 
if and only if 9, 's form a monotonically increasing sequence 
while 9, 's form a monotonically decreasing sequence, as n 00 
both sequences converge to 9 0 . 
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Lei us fix an arbitrary point <p 0 - Here the essence of the renorma¬ 
lization group method consists in that for each n we choose a renor¬ 
malized coordinate system 9 and Sin a neighbourhood of (<p 0 , Q (u)) 
and write in it representation for a pair T q £ t T o'" 1 . The transition 
n-t-it-rl is our renormalization group transformation, while the 
parameter n, according to the Chirikov terminology [4.331, is called 
the renormalization lime. 

Let us pass to more rigorous statements. 

I. The condition of incommensurability of id: r, ^ Jiq 1 , i =•= 

1, 2.where 1 < q < q 0 = 1.001, l<i?<oo. 

II. Inductive assumptions concerning Ta n , 7’o"' 1 - 

l< n >. At the nth step there exist unique numbers Q„_,, Q n such 
that Ta"<fa = = <p„ and the trajectory of the point <p Q makes 

Pn iPn-i) revolutions along the circle in q„ (?„_,) steps. 

Thus for the nth step we consider the values of the parameter Q 
lying between Q„_i and Q„. Let us introduce a renormalization of 
the parameter according to the formula: Q = Q„ + Q (Q„_, — 
Q„). In terms of the new variables iT the segment [0, 11 corre¬ 
sponds to the segment over which the initial parameter varies. Note 
that the sign of — fi„) is determined by the evenness of n, 
i.e. sign (Q„_, — Q„) = (—1)". 

2< n> . At the nth step a new variable 9 is chosen according to the 
formula 9 = 9» 4- y n *P. where y n can be found from the condition 
Ta n ~'fo = 9o — Yn- Note that sign y„ = (—1)". More detailed 
information on the sequence Yn "ill be given below. 

3< n) . Let us define a sequence of numbers = [»•„, r n _ t .r,l, 

where the right-hand side means a finite continued fraction con¬ 
structed with the help of the numbers r,, 1 ^ t n, taken in re¬ 
verse order. At the nth step closed domains V„ = {9 £ C 1 : I 9 I ^ 
4 — yp < # > } t £/ = 6 C 1 : | Q — y | < y} are considered. 

In the domain (9, Q) 6 V n x V the transformations T^ n , are 
given by the functions /„ (9, Q), q n (9, Q) of the following form: 
(a,) /„, g n are analytical in the domain V n x U. 

(a,) I.{f, ff)-(l>l"'r 1 fl+9 + i«”(5) + «i" , (5)i + a!? l (S)i ! 

+ aS"(9. S>, 

g n (9, a )— n —1 + 9 + 60" (f>) 4 fi'r 1 (n)9+iS ,) (0)9- 

+ >f (9, 9). 

(fa,) 1 
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(b.) «5> n> (fl) = A < o" > ifi + ao" , j (Q), where aj)!\ is * constunl, ai"*! = 

— ao1 > 2 (1). and a{," ) 2 (0) = (lu$\ldQ (0) = 0, 

\d 2 a ( o\ldQ z (Q)|<_-l 0 (l-0.5p& n ')AJ, Q £U, 

bo"* (Q) = &i"\Q + (fl), where 6o"*i is n constant, = 

— ftVMl), and ftjJJ’j (0) = db l ^ildQ (0) = 0, 

| rPdSVdQ*(Q) |<B 0 (1-O.Spo”) AJ, Q£U. 

(b,) | a ( { 0 (ft) |<yl,| 1 —^Q|(l-r0.1427p5T>)>.;, Q£f/, 

| &'" ) (Q) | - •^Q|(l+0.1427pi ,,) ) A?, Q£U, 

| o'"* (Q)| </U 11 - A Q | (1J- 0.1427po n) )(1 + 0.6po n) ) AT, Q£U, 

|6 l 2 n) (fi)l<5«|l --^fi|(t+0.1427p ( 0 n> )(i+0.6p ( o B) )^. 8&. 
(bj 4"'(o, Q)=-^-(o, q)»£!^!.(o, q)=o, Qeu, 

dip dip- 

| ^ A a | < j, (i+4. P y>)(», m e v, x u, 

... _ aa ( ,"> _ a**!") _ 

6 ( 3 b) (0, Q)=—4- (0, Q)=—4— (0, Q) = 0, Q € t/, 

dip dtp* 

5>|«:s,(i4-4-p l 0 " 1 )«, to.a)0',xu. 

The transition «-»■ n + 1 is determined by the relation q„+, = 
r n+l q„ + 9n-\- Due to this fact the transformations Tq** 1 , To 1 
in terms of the variables (<p, Q) of the nth step can be written as the 
superpositions 

Tn*i = Sn • /„ r "* 1> = gn • /»»•••»/» . gn+l = /»• (4.4) 

The inductive assumptions l< n+l >, 2t" +l> define the renormalization 
of the variables (<p, Q). The functions g n+i in terms of the re¬ 
normalized variables yield new /„+,. g„+, and we must check 
that / n+I , g n+1 satisfy the inductive assumptions 3 tn+l >. 

If the nonlinear transformation of the space of the pairs of func¬ 
tions that corresponds to r superpositions in (4.4) and the transition 
to renormalized variables is denoted by S r , then (f„+ „ £„+,)= 
S r (/„, gn)- Thus our problem cannot be considered as a stan- 
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dard renormalization group problem since here we do not deni with 
the iteration of n single transformation.* Nevertheless, the ideology 
of renormalization group method enn be applied here. The family 

/ p (<p, 3) = p-'Q-ftp, g(<p, 3) = 3— 1 + <p (4.5) 


acts here ns a "fixed point" of the renormalization group in the sense 
that it transforms into itself under the action of S, for any r = 
1 , 2 . 

Theorem 1. Suppose that at a certain n a pair (/„, g„) satisfies 
the inductive assumptions 3 ( "', where >. = 0.999, A, = 0.995, 
1,-O.SO, 1,-0.975. A, . TgJnr-. A,-0.IA„ A,. 

-8JU. A,-VA,A„ B,.A„ B t = ~A„ 

B 3 = A 3 . Then the pair (/„*|. g n +,) satisfies the inductive 
assumptions 3<" M >. 

Proof. At first, let us explain the idea of the proof. Recall 
once more what is the transformation S r . At first wc find 
7 n +i = gn(/n"‘' )±gn*t = fn> then change the variables q>-*- — p<"*'>(p, 
Q —► (i—Q). where Q ( o" +l> and p<" M > are defined by the rela¬ 

tions (0, Qo" +,, ) = 0, P (n * ,, = fn+i(0. Qo" +l> ). As a result we find 
/n + l (*P» 0)= -(p« n * , >)-' 7n*l(-P <n *°q’. « ( 0 n+,> (l—?>)), 3) 

= — (p*"* 0 )- 1 (—p 4 "* 0 v. Qo +,, (i —3)). 

Let 

/„(?. Q)=<tl"»(«) + ?+| aS n> (S)$ i , 

g n ('v, Q)=wna)+v+ 2 f>! n> (3)$‘, 


where 

a<"> (3) = (pi"’)-'3 + flo"* (3), 6<"> (3) = 3 - I + (3). 

Suppose that 

l«f°(0) 1 <<’, I 4"'(S2> KC i>0. 

1 > A'”' » A™ » A '”'» A"’»(/l" 1 ’) 2 . (4.6) 

i > b;"’ > b; ni » b;"> » b 1 ”' »(Bi n, ) j 


• This is not so lor id's that can be < 
tinned fraction, this explaining their special r 


n the theory. 
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and for each I the constants and B<"' have the same order of 
magnitude. Then, since in the main order (/„, g „) are linearly de¬ 
pendent on <p, ft, we obtain 

(», 5)-r.„ (pf>)-'S+5-l + i+ 2 I 4 ' 7 ) 

where, up to the terms of a higher order of smallness, 
a ( " +,, (Q) = r n< (fi) + b\ n) (ft). (4.8) 

Relation (4.7) implies that in the main order 



Thus 

(5, B) = <prV8+i+ 2 (fi)i'. 

s,., of, 5) = a - 1 + i + 2 s',"* ’> (S) i 1 , 

where 


«r , >(ft)=(- P r 

b? +,) (Q)= ( - P r 


V-' |r n * 1 a' n) (ft < 0 n+l, (l-Q)) + i>i n) (ft < o" +1> (1 — S))|, 

(4.10) 


>)*-' aj n) (fto n+,) (1 —ft)). 


One '-an easily see that at t = 0 and t > 2 relations (4.10) result 
in ihe decreasing of relevant coefficients, i.e. from the viewpoint 
of liic renormalization group ideology they correspond to stable 
eigenvalues. On the other hand, at i=l, 2 the relations (4.10) 
are unstable and in eliminating this instability the decisive role is 
played by the commutativity condition of the (/„, g n ) pair. Let us 
discuss relevant arguments in somewhat more detail. Using the 
hierarchy of the decreasing of the coefficients a<">, and the com¬ 
mit I alivily condition one can easily show that 


a*" > (Q)= ; b ( i" > (ft) +A , ; ) . £=1,2, (4.11) 

where the errors At"* can be evaluated explicitly. The A (, i l) ’s have 
the following orders of smallness: A' 1 ;* is of the order of >l<2\ B<"> 
and A<J> is of the order of /t<;\ B ( ;>. It is important to note that the 
relations (4.10) conserve, in the main order, the commutativity con¬ 
ditions (4.11). This fact is associated with the invariance of the 
manifold of commuting pairs due to the transformations S r . Now, 
using the relations (4.11), instead of the two-dimensional trans- 
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formation (4.10) « 
61"' -*■ 6',"*" whose 


> obtain the one-dimensional transformation 
nain order form is 




xb'," > (fl!r +,, (l-n)), f = l, 2. tf.12) 

Relations (4.12) yield essentially the stability, since at 0 < ft < 1 
we have 


The logic of reasoning is based here on the assumption that at the 
nth step estimates like | a<"> |, | 6 , "> | ^ constare valid for 
some 1 > > X, > X, > >. 3 and then by the commutativity con¬ 

dition we check that analogous estimates for the (n -f l)lh step are 
conserved. 

Now let us proceed to the formal proof. To simplify notntion, we 
will omit the index n everywhere. The pairs (/„, g„) and (/„+„ g n+1 ) 
will be denoted as (/, g) and (/, g), respectively. Besides, we put 
r = r B+1 , p 0 as p<”>, p aa p* n> and the renormalized variables (ip, ft) 
will bo simply denoted as (9, ft). Thus 
/(9, ft) = a(ft)+9 + a,(ft)9+a,(ft) 9*+a,(9, ft), 
g (9, ft) = b (ft) -i- 9 + 6, (Q) 9 + 6, (Q) 9 1 + 6, (9, ft), 
where 


a (ft) - p-'ft + a, (ft), 6 (ft) = ft -1 + 6 0 (ft). 


Let us also introduce the following notation: 


C. = max 1 
o eu 05 

= 1.1427 


", ['*•1' - W°l (1 +0.1427,,)]= I.H27 X 


c ’-s& HpM'lK* 

At first we obtain the estimates for /•'> = /» ... o /. The esti¬ 
mates for / arc valid in the domain (9, ft)£Kx tf = {96C: | 9 ] 
<To}.{Q € C':|ft-i|iSjJ. Here 9„ = 4 —-^-p 0 . Let us deter- 
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mine the domains V |<p6C l : | q> |<q>o— ( ‘ + ^ }, 

{oep.la-^rlc-n^,.}. 

Suppose that 

/<*> (<p, .. = o< ; > (Q) + 9 4 - a ( ,° (Q) 9 + «S* (fi) 9 l 


+ «J«>(9,Q>. 1 <<</?-/"♦*. 


Lemma 1. For all 1 /f?" +l in the domain (<p, ft) € Vj X U t 

the following estimates arc valid: 

a<‘> = ia -r Aa<‘>, | | PDC,}”, 

«i i>= *"<i, + AoV*t I Aoi° | s£-| i l DC t /.1, 

at 1 = ia. -r Aoj’, | Ails’ | <-| 

|-^r *S“(T. a)|<IC,i.;+ 4 .S’. 4 «s> - 28 «*.|\ 


D= max |a(ft)|, D, = max |l-ro,(ft)|. 
au'o Me. 

Lemma 1 is easily proved by induction in i. The following rela¬ 
tions are used for the superposition: 

„<<♦■> = a <'> + a + aV’a + aV'a 1 +<#'(«>, ft). 


..... ... ... 9alf> 

<J ( i = aV’+fli -r a‘i°«i -r4 H (2a + 2a,a) -f (a, ft) (1 + a,). 


= 0 2 t«it aV’oj-f-e«’(of- 

1 a*a ( , l) 


?a, -r 2aja) 


«Sf +, »- s «Jf»(/ 1 Q)4-a 3 (<r, Q)-^-(a. ft)(l + a,)9 


, i a»a ( , H a«y* . ... 

0)(f + a,)*+-^-(o. ft) a,) <p*+a\‘-a,(<p, ft) 


-r a'}' (2a,a,«p s + 2a.y 3 + a|(p 4 + 2 aa, (9, ft) 

+ 2(l+a,)aj(9, ft) 9 + 2a,a,(9, Q)9* + oJ(9, Q)). 
Thus we have the estimates for /< r >. 
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Now consider tho superposition 
7-*(/<'») = a(£3) + <p + M£3)<p + a, (£3)<p , +flj(*P. Cl). 

It can easily be shown that in the domain |<p|^<f> 0 —y . 
Cl£U t , we have 

U< r, l<<Po. l/"Kfo. 

Consequently, when calculating the superposition we can use the 

estimates made for g. As a result we obtain 

fl = rfl +6 + 4a, o, = r<i| + 6 | + Afl|, fl 1 = rflj + 6 J +A<! 2 » 

| ■^r a j(v. £3) | <(/■/!,+ S 3 ) (l + -j-po) XJ+Aoj, 
where 

I4;k(t+T'' i> ) c ' 1! ' 

ia;,is:c,j.;(i + |r‘c), 

| Ao,| 2) . 

Aa 3 = c;x; n (16’(r + 1)4- 28r=). 

Now let us use the commutativity conditions. 

Since / (g (0, £3), Cl) = g (I (0, £1), Cl), we have 
a 6 + a,6 + a,6 2 + a 3 (6, £3) = fl + I> + &,a + 6 i e 2 -r& 3 (o, £3) 


0, = b, ( a j | l '* 3 +b,(a, Q)-a,M-a,(fc. tl> 

The second commutativity condition 

-^-f{g(% £1), Q)| f _o—£■*</(* Cl), £3) |, .c 

O t = b t (y) ; b.aa.-a^b, ^ -gy *. («■ OKI-Had""^ «»« 

In the domain £3 £ U % the following inequalities arc 
T< b (£3) < 2 < <p„. 


(4.13) 


(fc. Q)(l+t,) 


(4.14) 
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Thus the denominators in (4.13) and (4.14) 
estimate 




nonzero and we can 


(4.15) 


Now let us proceed to the change of variables. YVo should find 
Q 0 such that a (Q 0 ) = 0. It can easily be shown that Cl,= r ^ p I. 
where |(—1 I^Y^o* *nd V = 0.15/1,,. Therefore a (fl«) = V. 
li'-ii<2 Y x;. 

Now let us make the following changes of variables: 
fl -*■ Q # (1 — Q), f -*• —p<p. 


where p = a (Q 0 ). 

As a result we obtain 

7—?-*/<—PV. Oo(i-ft)). 

g=— P' l /(—P9. Slo(l— Q)). 

/ = a (Cl) + <p + a 1 (Cl) <p + aj (Q) «fj + a, (<p, Q), 
g = 6(Q) + <p + 6, (Q) <p+6, (Q) + b,(<p, Cl), 

where 

f a (Cl) = (p)-‘ Q + a„. ,Q + a 0 . s (Q), 

I 6 (Q) = Q-l + &,.,$) + 6,., (G). 

-«o.zO). 6o..= -So. s (l)- 

t (Cl)= — (?)-' |ra 0 ..(«,(1 -Q)) -r 6 0 .z(«o(» — «)) 

+ Aa(Q„(l— Q))|-I-linear terms, 

5o.i(fi)= — (P)‘'oo.i( fl o( l— 0))+linear terms. 

( a, (Cl) = ra, (Q„ (1 - Cl)) + 5, (fi„ (1 - Q)) + Aa, (fi„(t-Q)), 
l b,(Cl) = a,(Q 0 (l-Q)). 
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2,(12)--? [ra t (Q t (1 _ Si))+ b t (Q, (1 — 1») + Aa, (0.(1 - Q))) 

S,(Q)--^i 1 (Q 0 (l-Q)). 

D)|<(r/1,+S,) (1 + j P.) >-,"(?)*+ Al,(?)* f 


Now let us evaluate the errors 
?= T p ir i'. |i'-l I <2yX;, we 

I P—Ir, r.r,| |s£-^ 


in the above relations. Since 
have 


(l + 0.6p,) /■" 2yXg 

rir+p,! r + p • 


(4.16) 


The relations for a t ,, (12), 6 0 ., (Q) must be differentiated twice with 
respect to 12. The contribution of A a (Q 0 (1 — 12)) will be estimated 
with the help of the Cauchy theorem. To do this, note that the esti¬ 
mate Aa (12, (1 — 12)) is proved in the domain j 12„ (1— 12) — 
2(r P. p , while at |Q-||< j. H»e estimate |Q 0 (1—Q)— 

Trfy <7Tir (1+T v) < TTJTw “ V,1W ' 

-n» (4+4 +c). 


Thus 


|-£r So..(«) |< J- Mo+ B„) (1 -0.5p 0 ) + Aa 0 . „ 

|-^r6 0 . t (£2)|<-^->lo(1-0.5p 0 )X 0 “, 112-1/21 ^3/4, 

where | Aa 0 . j |< 230 (r + p) (4 + J r '~ D ) c i'-i ■ 

Using the estimates resulting from the commutativity rela¬ 
tions we obtain 


», (a - m». i i -a»ir+ a, w, o -an. 


(4.18) 
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where | A a, | ^ | Aa ( |-j-r | A, |. Analogously wo obtain for 

M«): 


f «.(«) = !> 
\ b. (Q) = p' 




flt(fl). 


where | A a, | <(| A a, | + r | A, |) p. 

Let us take together all the estimates and demonstrate that the 
inductive assumptions 3< n +'> hold for (/, g). First of all, let us check 
that the range of the variable q contains the domain F n+I . 
Indeed, | q |<4- (fo —|- r ^. p ) . where <p„ = 4 —Using the 

estimate for p one can easily verify that for any r>1, 
4- (to-~| r+p Thus U‘ e estimates proved 

above arc valid in the domain Q£U, <p6F n *i- 

Consider now the inductive assumptions for p. We can use the 
estimate (4.1G) and take into account the fact that for any 1, 
0 ^ p n ^ 1, we have 


Since the error in the estimate (4.16) does not exceed (X — 5/8) x 
(1 — (>.6p„) X" we obtain the inequality required. The inductive 
assumptions for a 0lS , b tA and a,, b, can be proved in a similar way. 

It now remains only to check the validity of the inductive assump¬ 
tions 3< n +>> for the coefficients a,, b, and a.. b t . To be specific, let 
us treat the case of a„ b, and use relations (4.18). At first, let us 


Af I (0-1) (l—jy7^-<l-ft))ll-i-0.1427p 0 ) I 

,p.Q + »(|-4q)(i + 0.H J 7 T A_) I' 
Since the modulus maximum is reached at the boundary of the 
domain | Q—1/21 ^3/4, we can assume that |Q—1/2| = 3/4. 

Nolo that . . ■ =4r for all O’s lying on the circle 

('-*«) I 

|Q—1/21 = 3/4. Thus 
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M 

It 


_a m ltJ l ( 1 ~4~rfpr 11 ~ 0> ) 11 ' f0l ‘ 2,p ° l 1 

“ •«!<'! d>.O+r>(l + 0.H!J jJjj) |' 

can be easily verified that the modulus maximum is reached 
the real axis, i.e. at $2 = 5/4 or $2= —1/4. Hence 


*/_ _*! r 4(13r+ISp.XI+O.I427p t ) 

12 0^0 U3l4r+5p,)(t+p,+0.1427) * 


4(13r+3p t )(l+O.I427p.n 

13(4r-p,)(r+p,+0.1427l/- 


One can show that the latter expression reaches its maximum at 
r = 1, p 0 = 1 and this maximum is equal to 

»- ‘,‘c' i'g 1 < 0.349 <t|. 

Since the error in relations (4.18) docs not exceed (?., — .1/) /"B, x 
| 1 - 1 ft | (1 + 0.1427p o ) we obtain the estimate for b,. Of 
course, the decisive role in the proof is played by the inequality 
M < f. The estimate for a, can be proved in a fairly simple manner. 
In fact, it is only necessary to obtain the upper bound 



. » P. 



(r + p.ia 

1 13 r+p„ ll-fi) / 

<1+0. 

427i;„j 

IPtB+'l 

(<-U 


•TWJ 


Theorem 1 is proved. 

Let us discuss some corollaries of Theorem I. 

(1) As a matter of fact, Theorem 1 has proved the stability of the 
fixed point of the renormalization group (4.5) and indicated an 
attracting neighbourhood for this point. To use the results proven 
one has to be sure that at a certain n 0 the maps (/„., g„,) will belong 
to this neighbourhood. Apparently, the family T a converges to the 
fixed family (4.5) for all 0 ^ k < 1, yet it is not easy to see that 
this is so. since, due to the local character of our arguments, we con 
prove the convergence to the fixed family only for a small neigh¬ 
bourhood. Therefore, for k's close to 1, the number n 0 (*•), for which 
the pair (/„,, g„,) falls within a guaranteed neighbourhood of the 
convergence, becomes too large and tends to oo ns k — l. This is 
due to the fact that the value * = 1 is critical and the family T a 
in this case is not attracted to the fixed family constructed abovo. 
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The critical case of k = 1 is much more difficult to resolve 14.34- 
4.361 nnd it requires other fixed points of the renormalization group 
to he constructed. Wo will not discuss this coso in the present paper. 
In the subcritical domain 0 < k < 1 the fulfilment of the inductive 
assumptions at the initial step of the induction process can be checked 
with the help of a computer. To do this one should construct numer¬ 
ically the pair (/„,, g„.) and make sure that deviation from the fixed 
family is sufficiently small. Note that at sufficiently small k's the 
convergence to the fixed family is evident. 

(2) According to the classical results obtained by Poincare, 
a map T of a circle into itself with an irrational rotation number u> 
is conjugated with the pure rotation transformation through an 
angle (•>, i.c. there exists a monolonic homeomorphism of the circle 5 
such that 

S~ l TS (<p) = <p -r (» (mod 1). 

The conjugation S is uniquely determined up to the rotation 
and constructed in the following may. Let us fix a certain value 
<j> 0 and put S (<P 0 ) = To- Let us denote <p„ = q # -r not (mod 1), then 
5(<f„) — T" (<p 0 ) and in the remaining points the conjugation 5 (<p) 
is determined by continuity. 

Suppose that a rotation number to = |r,. r t , ...| satisfies the 
incommensurability conditions f and, in addition, for a certain n, 
and for all points 0^tp o <1 the pairs (/„ , g„ . , ) corresponding 

to to belong to the convergence domain, i.e. they satisfy 
the inductive assumptions 3'"*'. (Recall that in constructing the 
pair (/’„, gn) "'e fixed a certain point on the circle, <p = <?».) 
Then, due to Theorem 1, a sequence p'" ) (<p 0 ) is determined (now 
we explicitly indicate the tp 0 -dependcnce) and a limit R (<p 0 ) = 

lint f| exists (R (<p») is a continuous function of tp 0 ). 

It can be easily vcrifietl that in this case the conjugation 
S(<P)eC>«0. 1)) and 

Tf— «|t|» (4-») 

Relation (4.19) simply follows from the fact that [] p< n) ((p 0 ) 
controls the change in the scale in the variable «p in a neighbour¬ 
hood of the point tp 0 for n steps of the renormalization group 

procedure, while 11 pi"’ controls the appropriate change in the 
scale for the pure rotation through the angle to: tp-*• <p + <o (mod 1). 

Evidently, the above techniques make it possible to investigate 
the smoothness of the conjugation S (<j>) in more detail. However, 
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we will not consider Ihis question since this follows from the results 
obtained by Horman on the analyticily of the conjugation S 14.281. 

(3) Finally, note that the analyticity condition for the pair (l n .g„) 
has been introduced into the inductive assumptions 3<"> for con¬ 
venience. In fact, it is sufficient to require that all the functions 
involved in the expansion for (/„, g„) would be triply differentiable 
with respect to <p and twice differentiable with respect to Q. How¬ 
ever, in this case the inductive assumptions 3<"> must be supple¬ 
mented by the estimates for the first- and second-order derivatives 
with respect to Q. 

4.3. CONSTRUCTION OF INVARIANT KAM CURVES 

BY THE RENORMALIZATION GROUP METHOD 

In this section we will consider the construction of in¬ 
variant curves for cylinder twist maps. As a basic example we will 
consider the standard map (4.1) yet ensuing results arc related to 
a more general class of maps. Relevant rigorous assumptions will 
be formulated below. 

Recall (sec, c.g. 14.31) that the KAM theory is based on the con¬ 
struction of successive changes of variables within ever contracting 
domains which gradually reduce the initial transformation to the 
form required. The renormalization group method is based on differ¬ 
ent considerations. Wo fix a vertical B,, — {(<p, z) £ ,1/: <p = <p 0 ) 
and search for an intersection point of an invariant curve sought for 
with this vertical. The construction is carried out for all q> 0 ’s and 
its dependence on <p„ is also successfully traced. As a result we obtain 
the invariant curve sought for. 

Let us fix, in addition to <p>, a rotation number o> -- Ir,, r>, . . .) 
satisfying the same incommensurability condition as that in Sec. 4.2: 

r ( ^ /f<7', i =1,2 .1 < ft < co. We denote by pjq n = 

(r,. . . ., r„| the appropriate fractions. The construction of the 
point of the intersection of B Tt with an invariant curve on which 
the map has a rotation number o> is based on the following statement 
that can be naturally considered as an analogue of the Poincare 
theorem for circle homcomorphism. For each « we will consider 
a transformation f’" and single out on the vertical B,, a point 
(<p 0 , z„) possessing the property that in q„ steps it makes p„ revo¬ 
lutions around the cylinder and returns onto the initial vertical. 
Note that such points appear in the proof of the well-known Birkhof! 
theorem on the existence of periodic trajectories in a neighbourhood 
of an elliptic fixed point of general kind 14.371. In the generic case 
the segment A„ = {(<p 0 , z): z tn < z < z 2 „_,} possesses the property 
that 7’ , »n A„ consists of points lying to the right of B,,, while T n * "-'A, 
consists of points lying to the left of B,,. The segments A„, when 
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con trading, yield in the limit the point sought for, (<p 0 , 2 (<p 0 )); 
{tin) monolonically increases and } monolonically decreases. 

The sequence of the segments A„ is constructed inductively. For 
each n we choose a renormalized coordinate system in which a re¬ 
presentation for 7’ , », T*' is written and the transition n-ut-M 
is essentially a renormalization group transformation. 

Let us formulate the inductive assumptions that determine the 
choice of the coordinate system at the nth stop. 

1<">. At the nth step the values 2 n _,, z„ arc given, which can be 
found from the following conditions: 

r-' (<Po. z»-i) = (<P.. ). r*» (f„ 2„) = (<p 0 ,2;). 

The interval (2„, 2„.,) at even n’s (or (z„_„ z„) at odd n's) prescribes 
a natural scale for the variable z. According to this fact we pass 
to a new variable 2 by the formula z = z n ~ z (2„_, — z„). The re¬ 
normalized variable <p can be chosen by the formula <p = <p 0 — 
X„<p, where y. n is found from the condition: (q>„ z n ) = 

(<p 0 — Zn- z ii). The maps V”, T’ 1 "-' written in terms of the new 
coordinates (<p. z) will be denoted by /„, q„ or, more accurately, 
fn = ifn.i » /n.z). gn = (gn.i< ffn.z)- If follows from the above con¬ 
ditions of choosing the scaling constants that 

7n.i (0, 0) = 0, g nA (0, 1) = 0. (0, 0) = -i. 

Here and hereafter the subscript "1" stands for the projection onto 
the cp-axis, while the subscript “2", for the projection onto the z-axis. 

Subsequent changes of variables and inductive assumptions depend 
on conditions imposed on the initial map T . Here we will consider 
two different cases. The first one concerns reversible maps that satisfy 
a certain symmetry condition, the second one deals with area-pre¬ 
serving maps having a zero Calabi invariant. Rigorous definitions 
will be given below. Let us treat the first case in more detail. 

I. Reversible symmetric maps 

Let the map T be reversible. 

Definition (see (4.371). The map T is called symmetric if there 
exists an involution A such that T~ l = A~ l TA. 

Since by a change of variables the involution A can be reduced 
to the normal form 

A (q>, z) = (-<p, *). (4.20) 

then we, from the very beginning, will consider reversible maps that 
satisfy the symmetry condition T~ l = A~ l TA with respect to the 
involution (4.20). Let us demonstrate that the standard map belongs 
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to this case. Indeed, it is easily seen that the standard map satisfies 
the symmetry condition with respect to the involution B (cp, z) = 
<z — <p, z). Changing the variables <p' = <p + yZ, z' = z we 
will obtain the map in terms of the new coordinates 



that is symmetric with respect to (4.20). 

2<">, I. The coordinates (<p, z) and maps /„, g„ have been defined 
above. Now we will make another change of variables <p = <p, 
z = z + e n <p 2 and denote the maps /„, g„ in terms of the new 
coordinates as /„, g„. The constant e„ will be chosen from the 
following condition: 

=0, i.e. 

Qy* ‘ L H-(». o) _ A T ' " ^ :n) 

, a7n., j 2 (="-«—*") Ir?"!!,,, :„) 


Now let iis formulate inductive assumptions related to the maps 

/n. in- 

3<">, I. Let us write /„ = /„. s ), g„ ( ft „ g„ „) as 

[ In. i = (P <n, ) _1 z-HM- Z ajJVz' ■!-«<"> (if. z). 


l?» 0 .?Ss 0 

/.., = <+ 2 Wftf+pwh. f) 

i>o/r^o 

gn. , = S + «P — ■•+ - c'ffyV+r'ti, 2), 

l+KS 
oo.vso 

«... ;+ 2 <nr?5 , +«»(*. h 

i+}<.3 


(4.21) 


where a<" ) , ()<">, y<">, 6<' ,) contain only the monomials of tho higher 
powers in terms of <p, z, while p<"> is obtained from the condition 
(p<"))-> = (0, 1). Lot iis also dofino p'J* = [r„, r„_„ . . ., rjl. 
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where r,'s are Ihe coefficients of the expansion of the rotation num¬ 
ber o> into the continued fraction. 

(a,) <C = C = 0. C= 1), 

C=-C-C-Y< n, (0,1). «.£> =0. 

(a,) C = 0. = -d™-dS'-d™ -6<">(0. 1). 

(a,) lp ,n> - p; n ' I<4>(1 + 0.6 P ; n ') 

(b,) |a«5’l. |cS?l<4,*&, (f, /) = (!, 0). (1, I), (3, 0). 
kio’l 

Idsri^fij^’, (*,/) = (0, 1), (1,0),(1,1),(2, 0), (3,0). 
(b,) |«£’l. IO<4>*(I — 0.5p'"*)/.^, 

ICI. id<5ot(l-0.5pi-)I^. 

l a S"’l' kjyi <4,(1+ 2py*) Aft, (i, /) = (0, 3), (1, 2), (2, 1), 

\b\r\, |dJ? , l<B|,(l+2p» , )I?,. (i. /) = (0, 3), (1, 2), (2, 1). 

(b 3 ) The functions a<”>(<p, t), P<"> (<p, z), y< n >(9. zj, 6 <n) (cp, ~z) are 
four times differentiable in the domain U n = {(ip, z):—O.l^zi^l.l, 
191^4 — 1.5pi n, } 1 

a<"»(0, 0) = p<"> (0, 0) = Y <n> (0, 0) = 6<">(0, 0) = 0, 

— i"'.. p<">, Y< n >, 6<">I =0, l<i-r/<3, 

kJ.Tho. 0) 

| j i,’*.. a<"», yWft, z‘)|</l„(l + 2pi m ) X?,, 

(i. ;) — (1, 3), (2, 2), (3, 1), (4, 0), (0, 4), ft, z)^U H , 

| ~rj p<"), 6< n> ft, ?)|<fi,,(i+2or;'j. 

(«'. /) = (!, 3), (2. 2), (3,1), (0,4),(ip, ~z)tU„, 

| -gr P (n) . 6 ( "» (9. 2)|<4op; n '(l + 2pi n ’) 5*. (9. ~-) 6 u n 
Now let us consider the second case. 

II. Area-preserving maps 

We will consider area-preserving maps that satisfy the twist con¬ 
dition. Besides, the condition of the zero Calabi invariant is imposed 
(4.25). Let us clarify the latter in more detail. 
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Lol v ho a closed curve going around n cylinder and 7'y ho Iho 
imago of lhe c.nrvo y under the action of T. Lot us denolo by F, and 
F a the subsets of cylinder’s points lying under Iho curves y and Ty, 
rcspeclivoly. Note that F a - TF,. Consider the difforcnco mes (/•’, — 
A',) — mes (fj — A - ,), where mes (•) is Iho Lchcsguc measure on 
the cylindor. Tho valuo of this differonco is independent of the curvey 
and is cnllod tho Calnhi invariant. If llicro exists a closod invariant 
curvo going around a cylinder then the Calnhi invariant is evidently 
zero. Thus tho condition of tho zero C.alnhi invariant is necessary 
for invariant curves to exist. It can lie oasily verified Ihnl the stan¬ 
dard map satisfies this condition. 

2*"*, II. Lol us construct the maps /„, g„. To this end we will 


chango the variables <j> = <|>, t = t + £„<p + i|„<p 2 . Tho maps /„, g n 
in new coordinates will lie denoted ns /„, g n . The constants i)„ 
are ohlaincd from the conditions i (0, 0) = I. (0, 0) = 

Dip dip* 

0. One can easily verify that 


| n = (i%L (0, 0) - 1) (0, 0), 


- T(0.0) — 2|„ (0, 0) + 5S (0.0)1 - 

L C><P dz dz* J 


Now let us formulate the inductive conditions corresponding to 
cose II. 

3<">. II. Let us rcprosenl /„ = (/„,,, /„..,), g„ -- (g nA , g„_.) in 
the form of (4.21): 


(«,) <c=cs*=o. <c= “'"’O- •). 

c = -c-C-*"> (0. i), c=<c=o. 

(0=) l*S’l, l<Cl 

(«,) |p ,n »-Pi n, l<--l»(l + 0.6p« n *) V. 

(b,> id</i,o>.;‘.. 

IMW. K !, l < 

(f. /) = (o. 1), (1. 0). (1,1), (2, 0), (3, 0). 

(I),) lain k!n<^(l-0.5pi n V-&. (.-,/) = (0,2), (1.1). 
|4J?I. ici<4(l-0.5pnc 

(/, /) = (0, 3), (1. 2), (2, 1), (3, 0), 

IWI, K"’l <Bu(l + 2pn^i. ('. /) -= (0. 3),(1. 2), (2. 1). 
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(l)j) This inductive assumption concerning the functions a<">, 
Hi' 1 *, V ( " , f *# transferred unchanged from the inductive assump¬ 

tions 3<"*, I formulated above. 

The scheme of the subsequent reasoning is the same as in the pre¬ 
ceding section. We will show that if /„, g„ satisfy the inductive 
assumptions 3<">, I or 3< n \ II, then £„+, also satisfy the corre¬ 
sponding inductive assumptions. The maps g n+I are controlled 
by the action of the renormalization group transformation Sr„„ 
on the maps /„, g„. One begins with finding 7n+i = gnt/n"* 1 *)* 
gnM = In and then changes the variables according to the conditions 
!(••+>) , 2< n+,) . The inductive assumptions 3<”> essentially stale the 
convergence of (/„, g„) to a onc-poramclcr family of pairsof maps (/„, g) 

/»(?. *) = (p"‘* + <P, *). gO p, *) = (*+"$—1, z). (4.22) 

This family should be treated os a fixed point of the renormalization 
group. 

Prior to formulating the main theorem, note a substantial differ¬ 
ence between cases I and II. In case I it is necessary that the sym¬ 
metry properly should be conserved under the renormalization group 
transformations S r . The latter condition is fulfilled only if we con¬ 
struct Ihc transformations of the renormalization group corre¬ 
sponding to Ihc vertical ff„, <p„ = 0. Thus, in case I this vertical, 
that is a fixed straight line for the involution (4.20), plays a special 
role. But in case II one can consider an arbitrary vertical B T ,. 

Let us formulate the main theorem. Let u> = [r,, r,, . . .1 satisfy 
the incommensurability condition r, ^ Rq 1 .where q < q 0 = 1.0001. 
Let us choose the following values of Ihc constants X, X M , ~/. u that 
arc controlled by the inductive assumptions 3 <m : X = 0.9: X u = 
0.89 - e (2.51 + 2;). e = 0.005, X„ = X„ - 

Theorem 2. For any f? > 0 constants Af, (/<), A,/ (/?), B,j(R) 
can be found such that if for a pair (/„, g n ) constructed by means 
of the map T, corresponding to case I (II), the assumptions 3<" ) , I 
(3< n >. II) are fulfilled then for the pair (/„+,, g„+,) the assumptions 
3('H», i (3(»+i), II) are also fulfilled. 

Proof. We will not present a formal proof but will only give the 
idea of it. To be specific, consider case I, i.e. let us assume that /„, 
g n satisfy the symmetry condition fT,' = A~'f„A , g„' = A~ l g„A , 
where A (<p, z) = (—ip, s). To simplify notation, we will omit the 
superscript n for the coefficients a'ff, b'ff. c)"’, dj”’, p< n >, p<”> as well 
as for the functions a< n \ p<"t, y<">, 0<">. The relevant coefficients and 
functions for the pair (/„+,, g n+1 ) will be denoted as 
2, y , p, p # , a, y, Z. Besides, we will denote the variables as (q>, z) 
instead of (<p,"z). 
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Suppose that the constants A„ (fl), A u (/#). B,j{R) are chosen 
so that (A„, B„) » (A,,,„ B,, t ,) at i — i < i t + or i 4- / •= 
i, -r/,, i < i, and, besides, 1 3> 3> <4,y ;» B,y »/if,. Since 

corrections due to a ( y, b,j, c ( y, d,y are small, one can consider the 
action of the renormalization group transformation in a linear 
approximation. As can be easily shown, the hierarchy of coefficients 
is chosen so that in the main order each pair of the coefficients 
(0|/, Cjy), (b|y, d„) is transformed independently of the remaining 
pairs. Let us write the main-order transformation 

>■.'(; J) «• »*<*. <». »> «■•<>, 

^00 = 4 = 0, 

= -.2 c t , = - c,y. (4.23) 

“*> = 0. c »=- f *>(7^)3- 

X:) 

Here r denotes the integer r n+I . The specific feature of the formula 
for <2,0, c !0 is the substitution z -*■ z 4- etp 2 . Note that exact relation¬ 
ships differ from the above by values of a higher order of smallness 
as compared with A tl (/?) /."y, (It) T"y. 

Generally, relations (4.23) are stable. Let us show, e.g. that 
the relations for (6 M , d n ) arc stable. Indeed, due to the inductive 
assumptions 3< n >, I, we have |6 0s |, |f/ OT |<S 0! (1 — 0.5p 0 )^Ji. 
Since p t = —we obtain 


H —0-5p,) )-S : „ + _iL) 


and hence the inductive assumptions 3<" +l >, I are valid for (b ot , d ot ). 

It can be easily shown that unstable are only relations for (ai„ c 10 ), 
(6„ 0 . d M ), (6 0l , <£,), (£„. d, 0 ), (6,„ 2 U ), (b K ,J t0 ), (b 30 , d„). Note 
that the relations for (a 00 , c 00 ), (o 01 , c 01 ), (a, 0 , c 10 ) become stable due 
to the changes of variables. The instabilities in the above relations 
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can be eliminated by means of the symmetry. /;' = A- l j n +iA, 
g - n ‘i = A~'g„A , and commutativity, /„Vi • g n +, = g„+, » /„+„ con¬ 
ditions. Indeed, writing out these conditions up to the terms of the 
order of B ao (R) /.£, we obtain the equalities 

= e l0 = b M = d<* = *o i = 4>, = *,<, = 2„ = ft,, = 5„ = ft w 
= 2 s0 = ft M = 2 M = 0. (4.24) 

These equalities are valid accurate to the terms of the higher order 
of smallness as compared with S J0 X" 0 . Let us derive, e.g. the last 
two equalities, ft 30 = d, t = 0. 

Let us verify the identities /;*,»/„+, = I, g^l, • g n +i = I by 
taking into account the symmetry conditions /£, = A~'f„A, g‘L, = 
A~'gn* I- At the same time we will only trace the coefficient at the 
monomial «p*. As a result we arrive at 

2? M —p-'ft M = 0, 2c M —? M = 0. 

Let us write the commutativity condition f n+l • = g„ +I » /„+, 

and also trace the coefficient at <p* 

p~'d 30 -r Cjo -r “jo = — bjo-r e»o t Cjo. >- e - p"'djo = — £>*• 

Thus, d 30 = — pftjo, o M = -Tp ft w , c M = — j- b M . 

Now let us show that ft, # = 0. To do this, we write out the commu¬ 
tativity condition while tracing the coefficients at <p 3 . Then 

d t o -j- h„o -r 3ft 10 = ftjo -r i.e. ft N = 0. 

In an analogous way, other relationships (4.24) can be proved. Thus 
all the instabilities can be eliminated, this proving Theorem 2. 
With area-preserving maps (case II), the theorem can be proved 
according to the same scheme. Changes of variables, conservation 
and commutativity conditions eliminate all instabilities except that 
in the relation for (ft ( „ 2 00 ). This instability can be eliminated by 
the zero Calabi invariant. Here the equality b 00 = 0 holds accurate 
to terms of the higher smallness order while for maps that satisfy the 
symmetry condition the equality ft 40 = 0 is rigorously fulfilled. 

In conclusion, let us discuss the construction of an invariant 
curve. Consider a vertical B v and determine, by the renormalization 
group procedure, a sequence of pairs of maps (/„.,, g„.,). Suppose 
that there exists a number n„ such that for all 0 ^ q> •< 1 a pair 
of maps (/„,.*, £„.,») lies within the attraction domain of the fixed 
family (4.22), i.e. it satisfies the inductive assumptions 3< n *>. Then 
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for each 0 < <p < 1 there will be defined an embedded sequence of 
segments U ln (cp), z lB _, (<p)|. Let us put z (cp) = f| U 2n (<p), 
z *n-i (<p)l. Due to the continuous dependence of the renormalization 
group procedure on the parameter cp, z (cp) is a continuous function 
on the circle 0 < <p < 1. Consider a closed curve y = {(<p, z («p)). 
0< <p< 1}. Each point of the curve y is unambiguously specified 
by the following property: (q>, z (cp)) lies to the right of the 

vertical B T , while •’ (cp, z (cp)) lies to the left of for any 
n ^ 1. Whence it easily follows that y is an invariant curve with 
a rotation number a> with respect to the map T. 
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Nonlinear Problems of Turbulent Dynamo 


Ya. B. Zel'dovich, Mem. USSR Aca>l. Sc. and 
A. A. Ruzmaikin, D. Sc. (Phys.-Math.) 


5.1. INTRODUCTION 

That hydrodynamic motions in plasma can amplify and 
maintain a magnetic held, i.e. act as a self-excited dynamo yet with¬ 
out wires and coils, was first pointed out by Larmor in his impressive 
brief report (5.1|. In the 1930s the problem was stAled mathematically 
ns that of an asymptotic temporal behaviour of an initial, decreasing 
at infinity not slower than r~*. magnetic held in a given plasma flow 
(kinematic dynamo). Cowling 15.21, proved that it is impossible 
to maintain an axially symmetric magnetic held by an axially sym¬ 
metric how. He believer! that plasma motions proper, i.e. in the 
absence of dissipation, cannot produce new magnetic loops and 
thereby cannot amplify the magnetic flux. It lias been shown (5.31 
that an arbitrary held, properly decreasing at inhnily, decays in 
a two-dimensional how. This provoked a sceptical altitude towards 
the dynamo problem reinforced by the fact that in cosmic conditions 
the dissipation of a magnetic held is weak as compared with con¬ 
vective transfer by motions. In other words, the magnetic Reynolds 
number R m = lvlv m is very large (hero v is the velocity, v,,, is the 
magnetic diffusivily, and I is the characteristic scale, typically 
very large). 

A positive solution was lirsl clearly demonstrated by Alfven in 
his paper (5.41 which has been hardly known until now even to 
experts in the held. Alfven has demonstrated that a small-scale 
magnetic diffusion at the points of loop connection is sufficient for 
effective reproduction of magnetic loops. In the Alfven mechanism 
the characteristic rate of the held growth (the inverse lime of loops 
doubling) nevertheless dramatically depends on magnetic diftusivity 
and. in particular, it vanishes ns R m -► oo, i.e. the held grows slowly 
at large magnetic Reynolds numbers. The same properly is exhibited 
by mathematical examples of nondccnyiiig solutions for magnetic 
helds in laminar flows (see, e.g. (5.5|) including the well-known dy¬ 
namo of Braginskii. The class of slow dynamos also includes nows 
with stationary velocities concentrated on surfaces (5.0, 5.7|. 

As was shown by one of the authors (see (5.81), the reproduction 
of magnetic lines can proceed at a growth rale independent of mag¬ 
netic diffusion in the limit R„, -► oo. To do this, a magnetic loop 
should be made into a figure “eight" and then the rings of the latter 
should be superimposed. The description of this topological pro- 
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cedure and its comparison to the Alfven mechanism are given in the 
monograph 15.71 and review 15.9). Let us only stress that magnetic 
diffusion to some extent shapes the solution yet in the limit Rm-*-oo 
the field growth rate is independent of it. Dynamos of this type are 
called fast. The classification was clarified in 15.61, where the notions 
of fast and slow dynamos were rigorously formulated. 

Figure “eight” dynamo is a physical notion rather than mathe¬ 
matical example. However, there is a class of plasma flows capable 
to act as a fast dynamo. These include practically important, three- 
dimensional turbulent flows and, in general, random three-dimen¬ 
sional (lows with adequate ergodic properties (5.9). First of all, we 
can mention dynamos of mean magnetic fields in mirror-nonsym- 
metric, or helical, turbulence (5.5, 5.7, 5.10). The combined action 
of helicity and non-uniform rotation (the aw-dynamo) acts in 
the Sun (5.11-5.13) and other aslrophysical objects (5.5, 5.7, 5.131. 
The helicity alone can also act as a dynamo (the a*-dynamo). How¬ 
ever, to maintain the helicity needs a large-scale flow, say, a rotation. 

In the last few years progress has been made in solving the prob¬ 
lem of the generation of magnetic fields with a zero mean value in 
a mirror-symmetric turbulence. This problem has been formulated 
in the well-known work by Batchelor 15.14) who advanced a correct 
hypothesis on the possibility of field generation, and estimated the 
growth rale and the stationary field strength. Vainslein (5.8. 5.15) 
drew attention to a model by Kazantsev (5.161. Subsequently it 
was studied in (5.17) that shows that this model is a fast dynamo. 

Equations for a random (a being zero on average) reproduction, 
dnldt = a (r, l) n -f D An, are known to have solutions growing 
proportionally to exp yt, with y ~ (a 1 ). But in a mirror-symmetric 
turbulence the field generation mechanism is of another nature— 
here at work arc the “Hubble" stretchings (5.181. 

A special class is presented by flows with stationary velocities 
but ergodic trajectories. The possibility of a dynamo in such flows 
was shown in (5.19, 5.20) (see also the earlier paper (5.211). A typical 
feature of the solutions found is the emergence of magnetic structures 
that are strongly concentrated in the limit of large magnetic Rey¬ 
nolds numbers. An analogous phenomenon for the class of fast dy¬ 
namos, viz. field concentrations in the form of sparse peaks in space 
and time (intermiltencc), was demonstrated in 15.22). Here, the 
Hubble idealization of the local flow is also essential. 

Thus, in solving the problem of kinematic dynamo both conceptual 
clarity and concrete results have been achieved. This problem is 
linear in a magnetic field, since the induction equation is solved 
for a given velocity field. The dynamo leads to an exponential growth 
of the magnetic field and thereby to due regard for the back action 
of the field on the flow, i.e. to a nonlinear problem. Generally, the 
growth rate is complex, i.e. an exponential growth is accompanied 
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by oscillations. Near the critical value of the magnetic Reynolds 
number the real part of the growth rale is usually small, therefore 
the nonlinearity damps Rey and leaves the oscillations unaffected. 
At a small difference R ra — (Rm)er the oscillations are nearly har¬ 
monic, therefore sharply nonharmonic oscillations, e.g. reversals 
of the geomagnetic field or the solar cycle indicate a strong non¬ 
linearity. 

The development of the theory of nonlinear dynamo is at the very 
beginning. First results were obtained by nonrigorous methods, some 
of them will hardly survive. It is quite natural that at this level 
only principal qualitative results can be discussed. We concentrate 
on two of them. 

The first concerns the magnetic field effect on mean characteristics 
of a turbulent flow. First of all, according to 15.81, one can expect 
that the most sensitive element of the dynamo, the mean helicity, 
is influenced. Based on this, a semi-phenomenological self-consistent 
system of equations for the mean magnetic field and mean flow param¬ 
eters can be constructed. Such o system serves as the model to 
explain such phenomena as reversals of the geomagnetic field or solar 
activity minima. 

The second topic concerns the structure of MHD turbulence, where 
the velocity and magnetic field arc equally important and self-con¬ 
sistent. F.vcn the consideration of the two-dimensional case is in¬ 
strumental here. Dynamo is absent in this case [5.31 yet there are 
field structures that arc pertinent to the three-dimensional case 
[5.231. From the conceptual point of view it becomes clear that the 
chaotic phase approximation cannot be applied. A simple example 
of a flow with a linear (Hubble) velocity field [5.181 and the dynamo 
theorem for a randomly renovated (low [5.221 give an idea about the 
field distribution in the three-dimensional situation. 

5.2. NONLINEAR MEAN FIELD DYNAMO 

Basic achievements of the dynamo theory, especially as 
applied to cosmic physics, are connected with studies of the mean 
magnetic field, <H> = B. Its transfer and amplification are due 
mainly to the turbulent diffusion p, the mean helicity a, and the 
large-scale flow V [5.5, 5.7, 5.10, 5.13): 

45. = —curl (E>, 

-<E) = VxB + aB—pcurlB, (ol) 

where 

a— —(v curlv), p = -y (v*> + v m . 

For simplicity, here a and p are assumed to be isotropic, in general 
case they are tensors. 
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The magnetic field influences the motion due to the Arapdre force 
in the Navier-Stokcs equation 

*1-{-(vV)v— vAv = f + jjp-curlHxH, (5.2) 

where I includes both the pressure gradient and forces driving the 
motion. It can be readily seen from (5.2) that the mean velocity and 
the mean statistical parameters a. P are alfecled not only by the 
mean field B but also by the fluctuation field b = H — B (see the 
term (curl h X h> in (5.2), the terms like (curl h x B) vanish, since 
(h) = 0). The nonlinearity acts as if at once to deprive the mean 
field mngncloh.vdrodynamics of its main attractive feature, i.e. 
possibility to obtain a closed equation for the mean field of the type 
(5.1). The case of | h | < | B | is of little practical interest since at 
large magnetic Reynolds numbers fluctuation fields are strong. 

The role of the fluctuating magnetic fields is especially evident 
in the following example. For the constant a and p, and V = 0, 
Eq. (5.1) has. in an infinite domain, solutions of the force-free type, 
i.e. curl B X B = 0, and, in particular, a trivial solution B = 0. 
However, this docs not imply the absence of the back action of the 
field on the flow, since (curl h X h) ^ 0. 

Nevertheless, the nonlinear statement of the problem also enables 
us to derive closed systems of equations that interrelated the mean 
quantities B, a, f), etc. This is achieved when the field b is expressed 
in terms of the mean field in a functional or operator manner. 

Let us consider schematically how such a system can be derived 
referring to the case of back action of the field on the mean hclicitv 
(5.24-5.201. 


5.2.1. Dynamics of the Mean Helicity 

The magnetic field effect on helicity was taken into ac¬ 
count even in early applications of the dynamo theory, e.g. to the 
solar cycle where this olloct produces the stable oscillations of the 
mean magnetic field (5.10,5.121. This was accomplished phenomeno¬ 
logically by multiplying the hydromagnetic mean helicity a by 
a decreasing, generally quadratic function of B. say 

et N = a (1 - |B=). (5.3) 

where | is a dimensional parameter inversely proportional to the 
kinetic energy density of a fluid. This yielded a stationary oscillatory 
solution with a finite magnetic field amplitude for all dynamo num¬ 
bers exceeding the critical value and with 0 <a N 'a < 1. 

Expressions similar to (5.3) implicitly assume that the helicity 
instantaneously follows variations of the magnetic field. Indeed, 
the helicity v curl v implies the presence of a screw motion and the 
mean helicity characterizes the degree of predominance of right- 
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hand screws over left-hand ones (or vice versa). The twisting time 
of a turbulent cell does not exceed the correlation time t (i.e. the 
lifetime of an energy-range turbulent cell), therefore the relaxation 
lime for the mean helicily (v curl v) is small, of the order of r. 

However, the dynamo produces knotted magnetic lines, i.e. the 
magnetic helicity which, as general arguments like the Le Chalelicr 
principle suggest, should weaken the action of the hydrodynamic 
helicity 15.241. The relaxation time of the magnetic helicity is re¬ 
lated to the magnetic diffusivily and it is therefore large for highly 
conducting fluids. At large magnetic Reynolds numbers the mag¬ 
netic helicity fails to follow the mean magnetic field and its evolution 
is described by a differential equation. 

Let us describe a rough scheme to derive the evolution equution 
for the magnetic helicity. with the mean velocity omitted for sim¬ 
plicity (details and references can be found in (5.261). 

Lei us decompose the magnetic field and the relevant vector po¬ 
tential into mean and fluctuation components. 

H = B - h. A = (A > - a. 

Multiplying the induction equation 

i.-ou.H —v„ H+v„™r!H) (5.4) 

by a and the relevant vector potential equation 
= v x H — v ra curl curl H 

by b. adding them and averaging over a fluctuation distribution, we 
obtain 

■Jj- (ah) = — 2 (v >. h) B —2v m (h curl h). (5.5) 

The quantity ■/. = (ah) characterizes the knollediiess of magnetic 
lines of fluctuation fields 15.5. 5.71. 

Now this quantity remains to be expressed in terms of (h curl h). 
Roughly speaking, these arc related by a coefficient of the dimension 
of the length squared. To find an exact relation is a more subtle 
problem. The fact is that under freezing-in conditions the quantity / 
is associated with a conservation law, known as the Wolljor invari¬ 
ant (see, e.g. (5.51). Therefore, when allowing for dissipation, this 
helicity is transferred along the spectrum from the basic scale, A' 1 , 
with a maximum •/_, to smaller scales. The lower limit of (he inertial 
range for the helicity, as opposed to energy transfer, is determined 
not by the dissipation scale A'3‘ but rather by the part of the magnetic 
field that is of helical nature (the realizability condition (5.51): 

| X (*)|<2*"ilf(A), 
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where M (A) is the epaelral ilmsily ° »*f “l T 

(, valid when .11 magnetic line, .re linked .... the m.gnet.c hel.e.ty 
ia at .1. maximum. II, .s il is generally the me lo.p]. the .peel., 
•/ (H end .11 (t) ere similar, e.g- proportional lo t <, he re. itabil.t, 
condition results in the appearance of a specific scale k that cuts 
off the inertial interval from below. The calculation of fc, requires 
the knowledge of holicity and energy spectra. Estimates !5.2o, 5.261 
show that, at large magnetic Reynolds numbers, k, is close to A - * 
while at small ones, A-, ~ k tt . The appearance of the cut-off scale 
looks fairly uncommon (what happens at k > A - ,?!). This calls for 
a serious investigation with the use of the modern methods of the 
turbulence theory. 

Expressing •/. in terms of <h curl h) we obtain the required equation 
15.24-5.261: 

<56 > 


t (h curl li) 

“ m " 3 4np ‘ 

The coefficients Q and T depend on A-,. In the limit A-,-*-A-„ 
we have @ ~ 4 and T xR ra is large. As A - ,-►A - ,., we have 

Q~ Rm 3 ~ ~ Ri> /S and T~i is small. Thus, the 

characteristic relaxation time of the quantity a m is strongly depen¬ 
dent on the position of the realizability boundary. However, the 
very form of Eq. (5.6) seems to he only weakly dependent on this 
position. 

Equation (5.0) shows that a m closely follows the mean magnetic 
field only at a small T ~ t, when one can put didl = 0 and derive 
an expression like (5.3). 


5.2.2. Generation of Large-Scale Flows 


Along with influence on the mean turbulent character¬ 
istics a mid p the growing magnetic field drives additional large- 
scale flows.* In 15.271 and 15.281 a large-scale flow was nunieriallry 
explored that arises at fixed a and P, when the dimensionless nuembe 
R a “ I «m B x I l -'P exceeds the critical value for the dynamo action. 
The stationary level of magnetic energy is controlled by the balance 
between the magnetic force (due to the mean field only) and the 


It is assumed that tbo basic turbulence (al H = 0) is due to 
an Initial large-scale motion. In this case we evaluate o velocity perturbation. 
In principle, the situation can bo different, e g. if the turbulence is due to 
a convection caused by thermal or compositional differences. 
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Coriolis force: £V4n ~ pfip. The magnclic energy approaches this 
level in an oscillatory manner so that in the limit of large R 's the 
oscillations are not damped and their frequency is of the order of 
(QPProctor 15.281 identified them with large-scale oscillations 
around the stationary rigid-body rotation. 

The interest in the generation of mean velocities by magnetic 
fields has grown sharply after the discovery of torsional waves (5.291 
and meridional flows associated with them 15.301 on the Sun. A trav¬ 
elling torsional wave is superimposed on the general differential 
rotation of the Sun. The wave period is 11 years, i.e. it is half the 
period of the variation of the mean magnetic field (the 22-year cycle). 
The amplitude of the wave velocity is as high as several meters per 
second. Note that the rotation velocity at the equator is some 2 km/s 
and towards the poles Q decreases by about 20%. Observations reveal 
four latitudinal zones of slower and faster rotation in each hemi¬ 
sphere. A new zone appears near a pole and reaches the equator in 
about 22 years. There is a distinct correlation of the torsional wave 
with the magnetic activity: in the sunspot region, a phase shift 
between the torsional wave crest and the dynamo wave crest is 
about 1 '.8 of the wavelength. 

The fact that the period of the torsional wave is proportional to 
the period of the solar cycle and that it correlates with solar activity 
suggests that this phenomenon is due to the action of dynamo waves, 
that are generated in the convection zone, on the differential rotation 
of the -solar surface (5.31-5.341.• 

Lrt ns describe this effect following the paper (5.331. The angular 
velocity is given in the form 

Q = Q„ (r, 0) + Si' (r, 0, t), 

where Sl 0 is the angular velocity in the absence of the field. 

The acceleration caused by the magnetic force, (4np)-‘ curl H X H, 
increases towards the surface due to a substantial decrease in density. 
The differential rotation, as has been noted above, is more pronounced 
near the bottom of the convective zone due to a large radial gra¬ 
dient. Therefore the convection effects near the surface mainly mani¬ 
fest themselves in the form of turbulent viscous stresses. Over the 
time span comparable with the magnetic activity period, a quasi¬ 
slationary state is established in which the perturbation due to the 
magnetic force is balanced out by the turbulent viscous force. As 
a result of the integration of the azimuthal component of the Navier- 
Stokcs equation (5.2), we obtain near the surface (5.33) 



where p is the density and v T is the turbulent viscosity. 


• In the basic theory of the solar cycle it is assumed that the 
core rotates nearly twice as last as the surface. 


(5.7) 


If we assume Ihnl Q' is small as compared with S2„ we can use 
llic solutions of the dynamo equations with Q — S) 0 l° r l * ,e magnetic 
field 

B, = 6, (r, 0) cos (a> c f — *0), 

B r = b, (r, 6) cos (<o e t - *0 - ♦). ’ 

where <o c = 2.i/(22 years) is the solar cycle frequency, if is the phase 
shift between the components of a dynamo wave propagating from 
the pole to the equator. Substituting (5.8) into (5.7) wo obtain 
two kinds of terms. One of them is time-independent and affects the 
distribution Q, (r, 6). The second is proportional to —cos (2<e c t — 
2*0 — if), i.e. it has the form of a wave that propagates in the 
same direction and with the same phase velocity as the dynamo 
wave, yet with a period twice as small (11 years). In the simplest 
model of the solar dynamo, if £* 3n/4, therefore the phase of the 
torsional wave is larger by ji/ 4 than that of the magnetic one. 

Note that the magnetic force, along with rotational perturbations, 
also drives meridional flows. Both these effects arc considered in 
a numerical model constructed in 15.341. 


5.2.3. Chaotic Evolution of Mean Fields 

If the back action of the magnetic field on mean charac¬ 
teristics (helicily, differential rotation) is taken into account, a self- 
consistent system of equations emerges that can have not only sta¬ 
tionary or oscillatory solutions but can also describe chaotic behav- 

A widely cited and discussed example is the two-disk dynamo of 
Rikitake (5.35), which is described by the following system of cqua- 

7, = -7, + $),/„ /, =, -/, -f n,7„ Q, = d, = I - 7,/ 2 . (5.9) 
Here f)| and Q, are the angular velocities of the disks, and /, (/,) 
is the current in the wire that connects the rim and the axis of the 
first (second) disk and winds round the second (first) disk. The exam¬ 
ple is of interest in connection with the problem of the irregular 
reversals of the Earth's dipole magnetic field (it is considered in 
detail in (5.361). 

It is less known that a system with a chaotic behaviour and. more 
than that, having a real strange attractor (in contrast to (5.0)) 
can be also obtained on the basis of one homopolar disk. As has 
been shown by Malkus and studied in detail by Robbins (5.371, 
the system 

/ = o (7 - J), 7- 1 + QJ, d = K - IJ - vQ 


(5.10) 



describes the behaviour of currents in the disk and coil and the 
angular velocity in the homopolar dynamo supplemented by a shunt 
(Fig- 5.1). More / is the current in the disk. J is the current in the 
coil wound round the disk, Q is tho angular velocity, K is the con¬ 
stant torque which drives the disk, v is the friction coefficient, and 
a is controlled by the ratio of the shunt and coil resistances as well 



Fig. 5.1 


as by that of the coil and brush inductances (with the shunt induc¬ 
tance neglected). A simple substitution reduces this system to the 
well-known Lorenlz system. 

Another example of a nonlinear dynamo of the mean field that 
is reducible to the Lorcntz system was independently constructed 
by the authors 15.381 in attempt to explain irregular long-term de¬ 
clines of the solar activity like the Maunder minimum. In the axial 
symmetry approximation the following system of dynamo equations 
has been considered: 

4r-<“+“„> 

= (5.11) 

+ p, 8, ,1). 

where A v = A is the azimuthal component of the vector potential 
that describes the B, and B a compouents, = B is the azimuthal 
magnetic field, a m is the magnetic helicity, Q is the operator that 



128 Ya. B. Zcldovlch and A. A. Ruimaikin 

describes (lie action of the differential rotation on the poloidal 
field, the function F can be taken e g. from Eq. (5.6). The equation 
in terms of partial derivatives (5.11) is reduced to the Lorentz 
system by means of rough substitution of Cl for the operator Q and 
—L*A, —ISB for the Lnplacians A/t, AS. this procedure is equiva¬ 
lent to the consideration of one spatial mode for A and B. As a result, 
we obtain the system in terms of dimensionless variables 

j4= —A-t-DB—CB, B= —oB + oA, 

C--4-+XJ, (5.12) 

where C corresponds to tt m , and D is the dynamo number, a main 
parameter that controls bifurcations in this system. D = aSlR 3 /(F. 

fn contrast to the usual situation, in which the Lorentz system 
is studied ( T~ l = 8/3, o = 10. Z) > 24), here of interest is the pa¬ 
rameter range where o — 1. T~' <1 and the critical dynamo number 
for the existence of nondecaying solutions, D et = 4/(o — 1), is 
very large. 

Of main importance in explaining the global activity minima is 
a singular point that represents the trivial solution ( A , B. C) = 
(0. 0, 0), i.e. the nonmagnetic Sun. For large T the time of re¬ 
sidence in a neighbourhood of this point, ~ T (D — D cr )~ > ' i , 
is fairly large. As is generally known, the probability of entering 
the neighbourhood of the zero point is very small. Thus the behaviour 
is qualitatively consistent with observations. 

The weakest point in simplifying Eqs. (5.11) is where the first- 
order differential operator Q is changed for 0. This allows us to 
obtain three real Eqs. (5.12), but as can be easily verified, the re¬ 
sulting linearized system docs not have oscillatory solutions that 
correspond to dynamo waves when the spatial dependence is taken 
into account. A more realistic approach, that preserves the dynamo 
waves, results in a system of three complex equations. 

Such an approach has been developer! in (5.39), where the third 
equation describes the back action of magnetic field on differential 
rotation rather than on helicity. As a result, a complex analogue 
of the Lorentz system was derived 

A=-A + DB. B= -B-rlA —g-®A* f o)= —vo>—iAB, (5.13) 

where A (t) and B ( t) as well as the disturbances of the angular ve¬ 
locity re (<) are complex while v and D are real positive parameters. 

For v < 1, with an increasing dynamo number a sequence of bi¬ 
furcations occurs that finally leads to a chaotic behaviour with 
episodic declines in magnetic activity. 

As long as D < 2, the trivial solution (0, 0, 0) is stable. The 
first bifurcation occurs at D, = 2, when an oscillatory solution emerges 
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that corresponds to the dynamo wave. This periodic solution 
exists for all D > 2: 

A = |y| | *«**+»>, ci)= | co | 

where, for large dynamo numbers, we have p ~ Wl {2 + v), | A | ~ 
8D/(2 + v), | H | ~ | <■> J — l()D/(2 -i- v)’. This periodic solution 
corresponds to a limit cycle in the six-dimensional phase space A, 
B, o>, while in the plane (Re A, Re B) this cycle has an elliptic form. 
Let us describe in brief the bifurcations for a concrete value v = 0.5 
used in the cited paper. 

The limit cycle becomes unstable at D t ~ 4.14, and there appears 
a double-periodic solution or a two-dimensional torus in the phase 



space. This solution, in turn, becomes unstable at D a ~ 6.04 and 
transforms into a three-dimensional torus. After D, ~ 7.612 there 
occurs the Fcigenbnum cascade of period-doublings that converges 
to Z> 5 ~ 7.68. At larger dynamo numbers the solution is chaotic, 
with noticeable periods of weakened magnetic activity. Figure 5.2 
shows a part of the temporal dependence of the field at D =32 taken 
from (5.391. 

From the viewpoint of applications it is important to stress that, 
first, the parameter v in (5.13) is determined by the inverse lime of 
turbulent viscous dissipation and thus it is far from being small 
in the solar convective zone, in contrast to the parameter T~' in 


»-oe3B 
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the system (ft. 12). Second, Ihc magnetic Held effect on the mean he- 
licily is undoubtedly stronger than that on differential rotation. 
Hence it is desirable to study a complex system analogous to (5.13) 
yet with the third equation for o m . 


5.3. MHD TURBULENCE 

It is well known that the behaviour of a passive magnetic 
field in a turbulent flow is governed by two concurrent processes, 
viz. the field intensification due to the stretching of magnetic lines 
by the deformation of a fluid element and by its dissipation which 
is enhanced by a decrease in the characteristic scale of the field. The 
proper account of the magnetic field effect on motion complicates 
the picture but enables one to And the stationary field amplitude. 
Note that in cosmic applications we deal, as a rule, with stationary 
regimes. 

5.3.1. Two-Dimensional Turbulence 

Now the situation seems to be cloar for the case of the 
two-dimensional turbulence. The evolution of a passive magnetic 
field in a plane flow v t = 0, v x (x, y), v v ( x , y) was first considered 
in 15.31. In the absence of external fields the initial field undergoes 
a temporal growth up to the value of the order of Rand then 
it decays. This growth is a specific properly of the field component 
lying in the (z, y)-plane while the z-component decoys monolonic- 
ally. Besides, a fluid acts ns a diamagnetic, it expells the mean 
field from regions with intense motions to less intense or rest regions. 

This situation is typical of an unbounded domain. Also of interest 
is the case of a bounded region with a field specified at infinity. 
In [5.381, os an example a zone of a turbulent fluid, t, < x <x„ 
is considered wlicro the fluid is at rest to the right and to the left 
of the zone. If the magnetic fiold is orthogonal to the zone. // v — H 0 , 
ff y — 0, n turbulent tangling in the zone causes the growth of the 
mean square of the field according to the law (HI + //J> = R m //J. 
When the fiold is directed along tho zone, //,, = //„, If x = 0. the 
mean field within the turbulent region proves to lie weaker than the 
average value — (If,) = l(„H 0 , i.c. tho turbulence acts like 
a diamagnetic with ji = R^‘. As can be seen, in the two-dimensional 
turbuicnco tho ofloct of the field oxpulsion appears to be R 1,2 times 
stronger than the effect of tangling. 

It is interesting that the specification of the field at infinity de¬ 
termines the field within the given region. This property is 
common for the kinematic problem with an external field and for 
tho nonlinear problem in a bounded region, where a certain field 
vnluo should bo also established. 



5. Nonlinear Problems of Turbulent Dynomo 131 

The generalization of the analysis 15.31 lo Die rase when a piano 
flow also depends on Ihc third coordinate, x, is considered in 15.61 
which doinonslralcs how Ihc situation changes when a plane flow 
is replaced by a motion along arbitrary two-dimensional surfaces. 

The evolution of the magnetic held in a flat convective layer is 
numerically studied in the elegant paper by Weiss |5.40|. 

The two-dimensional hydrodynamic turbulence has specific 
features which distinguish it from the three-dimensional one (see, c.g. 
the review 15.411). These features arc due lo an inviscid flow having 
on additional integral of motion, the cnslrophy \curl 1 v dx dy. 
With viscosity taken into account, Ihc cnslrophy is transported 
from larger scales lo smaller ones and dissipates. Yet energy is 
transported in the opposite direction (the inverse cascade). Recall 
that in the ease of a three-dimensional turbulence, over a time span 
of the order of one revolution of the largest vortex, energy is trans¬ 
ferred lo smaller scales, where gradients grow in such a manner as 
to keep Ihc energy dissipation rale finite even in the limit of vanish¬ 
ing viscosity. 

The two-dimensional MHD turbulence is much more dynamically 
versatile than its hydrodynamic counterpart, albeit it docs not 
resemble the three-dimensional turbulence 15.42, 5.231. 

Equations that describe a plane flow of an incompressible con¬ 
ductive fluid, with a magnetic field present, have Ihc following 
simple form: 

-£-+(vV)o>=ffV/ + vAe>, 

" (5.14) 

-j 7 -+(vVM =v m A/l, 

where o)i. = curl v is the vorticity, jl, = ^ curl H is the current 
density and A is the vector potential having also only the x-com- 
ponent. 

In the inviscid ease, when v = 0, and v m = 0, the system has 
three quadratic integrals of motion 

-T !('**+ -E-)*"*'' j A*dxdy, j vH ilxdij. (5.15) 

The first is the total energy, the third is known as cross-hol icily, 
while the second docs not have a particular name and is typical 
only of a two-dimensional field. Note that, due lo the presence of 
the magnetic field in the first of Eqs. (5.14), cnslrophy is not con¬ 
served. It determines, together with Joule losses, the energy dissi¬ 
pation rate at v, v m =?*= 0 

^-= —v j vfidxdy— v m ^pdxdy. 
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Tlio problem (5.14) was explored by various techniques in [5.42, 
5.231 under regular and random initial conditions. 

When only kinetic energy is injected, then, according to (5.3J, 
the magnetic energy temporally grows and then decays (for the 
magnetic field vanishing at infinity). Of interest is the fact that the 



decay time at small v m ’s is very large. When the magnetic energy is 
also injcrlcd, thcdircct energy cascade and invcrsecascadcof |/l s dx dy 

As a result of these studies, essentially non-uniform spatial dis¬ 
tribution of vorticity. current density, and magnetic field have been 
obtained for a rather smooth velocity distribution. Note that in 
a two-dimensional hydrodynamic turbulence such an inlcrmilloncy 
in the vorticity distribution was absent. Figure 5.3 shows a fragment 
of a numerical simulation of the vorticity distribution 15.231 with 
the initial conditions i>„ = (—sin y, sin *), A 0 = cos y + -icos 2x, 
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v = v m = 0.005 taken after several revolution periods of the initial 

vortex. 

Of interest is the question concerning the singularities of tho two- 
dimensional turbulence in the limit v-»0, v a -»0 15.42, 5.23). 
In nonmagnetic turbulence onstrophy is conserved for v = 0 in 
o two-dimensional flow and explodes in a three-dimensional one 
over finite lime. In this respect the two-dimensional MHD turbu¬ 
lence resembles tho three-dimensional one: as v, v m -► 0, enslrophy 
also explodes in a finite lime 15.421. 


5.3.2. Three-Dimensional Case 


At first glance the case of three-dimensional MHD turbu¬ 
lence seems hopeless. A sceptic would advise first to settle the issue 
of the three-dimensional hydrodynamic turbulence. Nevertheless, 
studies arc conducted and there is a number of interesting results 
concerning the three-dimensional MIID situation. 

First of all, recall a known result by Krnichnan 15.43) (see also 
the earlier paper (5.44)) who assumed that turbulence lias the form 
of random MIID waves that propagate in various directions with 
Alfvcn velocities determined by the value of the magnetic field of 
the greatest scale. In other words, this implies the equality of 
kinematic and magnetic spectral densities within the inertial 
range. £ (A) = .1/ (ft), where jfidft = <e*>/2 and \\Idk = (A 1 ) 
/&i. Time-scale at which the energy cascades along "the spectrum 
is determined by nonlinear wave interaction. For a weak MHD 
turbulence, when three-wave interactions prevail, we have, ac¬ 
cording to Sagdcev and Galcev (5.45): 

... I V 


where V is the homogeneous function of dimension cm 1 s" 5 . rutting 
U = vx and presuming the conservation of the energy flux in the 
inertial range. 


we obtain 


\ M ■<* PM* (ft) 

v(*) ~ V A 
the spectrum 
E (ft) * M (A) ~ 


A-*/*. 


(5.16) 


This spectrum is discussed in oslrophysical applications 15.46, 
5.471. The lower wavelength boundary of the spectrum can be found 
by equaling t (A) to tho time of ohmic (or any other kind of) dissi¬ 
pation, T„ = (V*ft*) -1 . 
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where ki' is tho dominant turbulent scale and f is the velocity within 
this scale, j . 

One of essential assumptions in those arguments is the random 
phase approximation. As has been shown in the preceding section, 
the magnetic field introduces intermilleocy, structures arise, i.e. 
disturbances appear in phase with each other, which is absolutely 
inconsistent with the assumption of chaotic phases of different 
modes. 

But may be the phase locking of modes is typical only of the two- 
dimensional case? Negative answer to this question follows from the 
studies of kinematic dynamo in random (lows. These studies show 
a structural and intermittent distribution of the magnetic field. 

The paper by Zcl'dovich el al. 15.181 analyzes the behaviour of 
the magnetic field in a given linear (Hubble) flow, v = C (<) r. 
where C is the deterministic or random matrix with vanishing trace. 
The presence of an arbitrary finite magnetic diffusivity v m 0 
results in an exponential decay of the field at a rale independent of 
v m . However, the magnetic energy grows exponentially with lime 
owing to an increase in a volume occupied by an initially localized 
field. The magnetic field spectrum is highly anisotropic and the 
random phase approximation is out of question here. The spatial 
distribution of tho field has the form of thin (at small v ra 's) ropes or 
layers depending on the number of positive eigenvalues of the mat¬ 
rix C, one or two, respectively. It is clear, o.g., that for ono positive 
eigenvalue an expansion occurs along the relevant direction and 
a contraction, along the other two directions thus forming a rope. 

The problem of kinematic dynamo has been solved for a random 
three-dimensional smooth flow of a general type which is renovated 
in an arbitrary finite time 15.22, 5.91. The magnetic field grows 
exponentially in time at a rate independent of the magnetic field 
diffusivity in tho limit v m -*■ 0 (the fast dynamo). The distribution 
of the generated field is essentially inhomogeneous and anisotropic, 
there aro sparse high peaks against a general growing background. 
The existence of such a non-Gaussinn distribution is proved by the 
fact that the exponential growth rate of the successive statistical 
moments (HII), (HIIIIH) 1 ' 2 , . . . increases with the order of the mo¬ 
ment. Although the number of the peaks of a given height is expo¬ 
nentially small and it decreases exponentially with lime, it is these 
peaks that would feature the most prominent ortect of the nonlinear 
field on the motion. One can hope that the nonlinearity consecutively 
freezos-in the peaks starling from stronger ones so that the MHD 
distribution would be intermittent despite the fact that in the kine¬ 
matic picture the inlermitlcncy is an intermediate asymptotic (5.49). 

Finally note a direct numerical simulation of a consistent set 
of the induction and Navicr-Slokes equations for an incompressible 
flow with a random 6-correlaled force (5.48). Although a spatial 
resolution corresponding to Reynolds numbers as low as 100 has 
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6.1. INTRODUCTION 

The present review considers some problems of the theory 
of strong turbulence and nonlinear phenomena in nondispersivs 
media. The subsequent exposition does not pretend to bo complete, 
it only reflects certain interests of the authors. 

It is well known that the modern theory of strong turbulence is- 
far from being complete. Even though the main result of the theory 
of developed hydrodynamic turbulence, i.c. Kolmogorov's spectrum, 
was obtained more than forty years ago lli.ll and was corroborated 
experimentally (see. c.g. 10.21), its “microscopic." theory has not 
been constructed as yet. This is due to an extremely strong non¬ 
linearity in the Navier-Slokcs equations at very large Reynolds 
numbers Re (Re 3> f). Since Re is an cflcclivo coupling constant, 
at Re ;?-• I no methods will bo instrumental in truncating the hi¬ 
erarchy of moment equations for the velocity field. This calls for 
use of eiliter the functional formulation of the turbulence theory 
(6.3) <»■ some version of diagram techniques 16.4,6.5). Besides, some 
essential results have been obtained by the renormalization group 
method 16.6-6.81 which has been successfully applied in the field 
theory |6.'J) and in the theory of phase transitions 16.101. The use 
of the functional turbulence formulation has not made considerable 
advances due to inadequate progress in continuum integration tech¬ 
niques. However, in some cases, c.g. for the turbulence of compres¬ 
sible fluid at considerable Mach numbers, the use of the functional 
formulation, together with the scale transformation group, gives 
effective information on turbulence and. in particular, on the energy 
spectrum (6.11-6.14). 

The functional turbulence formulation and results obtained with 
the help of the scale transformation group arc considered in Sec. 6.2. 
At present, the most promising seems to be the VVyld diagram tech¬ 
nique (6.4) or its versions. This technique describes turbulence by 
two diagram series, one for Green's function and the other for the 
spectral density. In the ease of strong turbulence these diagram series 
cannot be truncated, ns opposed to the case of weak turbulence, 
where such a truncation results in a kinetic wave equation (6.5). 
Nevertheless, it is the theory of wenk turbulence which yields exactly 
solvable examples supporting Kolmogorov's ideology I6.1;>). 
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inertial range. These solutions correspond o.g. to a constant energy 
flux along I ho spectrum IG.I6-6.I7J. II has become clear 16.10) that 
Kolmogorov’s solutions are feasible only when integrals converge 
in the regions of the turbulence source and sink. This fact (turbu¬ 
lence locality) implies that perturbations within Iho inertial 
range are not affected by processes at its boundaries and hence, 
.according to Kolmogorov’s ideology, the spectrum in this A-spnce 
region is self-similar. 

Now let us return to the case of strong hydrodynamic turbulence. 
A search for the solutions of general diagram series in the self-similar 
Kolmogorov form is hampered by infrared and ultraviolet diver¬ 
gencies. Moreover, one can easily see that in the absence of these 
divergencies Kolmogorov’s spectrum would become an exact solution 
of diagram equations. Attempts to modify this spectrum near the 
source and sink have failed. Indeed, if the divergencies on Kolmo¬ 
gorov’s spectrum have not been eliminated, then integrals describing 
the interaction of vortices from the inertial range with all remaining 
ones would be dominated by the source and sink regions. This dis¬ 
rupts the local nature of the interaction and the self-similarity of 
the spectrum over the inertial range. Obviously, the Inst fact con¬ 
tradicts experimental data. All this clearly shows that the general 
nature of Kolmogorov's spectrum is naturally related to the conver¬ 
gence of the diagram series. The studies of diagram divergencies 
have a long history. Even the early papers (6.18-0.201 indicated that 
infrared divergencies emerge due to the convection of smaller vortices 
by the large-scale inhomogcncilics of the velocity field. Since then 
omphasis has been placed on the exclusion of this convection and 
the elimination of infrared divergencies in general. Ullruviolol 
divergencies are presumed to be less important. Ilcccntly this point 
of view has been supported by the renormalization grout) studies 
16.6-fl.8l. 

In this review we shall also restrict ourselves to the consideration 
■of infrared divergencies. To exclude the large-scale convection, it 
■was proposed in 10.211 to use an interaction representation while 
in 10.221 it was demonstrated how the convection could be excluded 
‘within Krnichnan's direct interaction approximation. 

The main step in the convection exclusion has been made in (6.23), 
where the most divergcnldiagramsequonce has been summed. Nev¬ 
ertheless. this has not resulted in the total elimination of infrared 
divergencies. In Iho present reviow we analyze the nature of this 
effect following (6.24, 6.251. We shall show that the theory of turbu¬ 
lence should include generalized solutions of the type of Van Knm- 
pon-Cnse modes 16.26, 6.271. These solutions, called bv us “null- 
modes", are concentrated at k = 0 and describe froo moving groups 
ol Lagrangian particles. Tho inclusion of the “null-modes" enables 
«is to cancel out dangerous contributions in diagrams at k = 0 made 
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by interaction between harmonics with adjacent wave vectors. This 
provides the cancellation of infrared divergencies in diagram equa¬ 
tions. 

Section 6.3 is devoted to the development of diagram techniques, 
introduction of "null-modes", and cancellation of infrared diver¬ 
gencies. It demonstrates that the "null-modes' can bo introduced by 
an appropriate modification of diagrams. It should be noted that 
strong turbulence properties are fairly diversified, this being quite 
natural lor strongly interacting systems. For example, in a system 
of hydrodynamic type, the emergence of additional relations like 
integrals, Lagrangian or topological invariants leads to a substantial 
change in statistical characteristics. To illustrate, one can refer 
to two-dimensional turbulence 16.281, helical turbulence 16.29, 
6.301, etc. As a result, this calls for more profound studies of the 
links between Lagrangian invariants, frozen-in fields, and topological 
properties of motions of nondispersive media. In this context, in 
Sec. 6.4 some general invariant properties are analyzed that are 
typical of many hydrodynamic models. It is shown how, based 
on Lagrangian invariants, one can construct the “frozen-in” fields 
and, vice versa, how, based on the "frozen-in" quantities, one can 
obtain Lagrangian invariants 16.31). The application of this method 
results in a number of new invariants and integrals of “frozen- 
inness". c.g. in the two-fluid plasma hydrodynamics 16.311 which 
may he useful in various problems of the plasma theory. Given the 
Lagrangian invariants, one can derive a number of conservation 
laws for homogeneous turbulence that describe the non-evolutionnry 
behaviour of a large-scale turbulent component. These results are 
exposed in Sec. 6.4.1. On the other hand, the invariant properties of 
“frozen-in” vector fields, i.e. those transported by fluid particles, 
can be explored by the topological approach. Appropriate mathe¬ 
matical apparatus is geometrically illustrative and especially con¬ 
venient for the analysis of the continuous deformations of vector 
fields, motions of a continuous medium in particular. 

Of utmost interest are here tho topologically nontrivial configura¬ 
tions of vector fields described by nonvanishing topological invariants. 
Here wo quite naturally encounter localized nonlinear formations, 
known as topological solilons. Such a term is due to the field theory. 
It stems from the fact that the field configuration in such a solilon 
is topologically non-equivalent to the ground stale. 

It is well known that the conventional soliton exists due. in a 
sense, to a balance between nonlinearity and dispersion 16.32). In 
hydrodynamic systems, dispersion is absent while nonlinearity is 
strong, therefore the conventional mechanism of soliton formation 
is absent. In tho topological soliton the action of nonlinearity is 
limited by topological exclusion principles, e.g. by the linkage of 
stream lines. Such solutions can play the role of stable quasi-particles 
in nondispersive media. Besides, such solutions can bo produced by 
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a turbulence willi topologically nontrivial properties. As examples 
wo can cite large-scale magnetic field generation by helical turbu¬ 
lence (6.331 or a model equation 16.341 describing large-scale atmo¬ 
spheric vortices. Using topological approach, one can produce a fair¬ 
ly genoral classification of topological solitons (6.351 that is exposed 
in Sec. 6.4.3. Next, we constructs number of exact solutionsdcscribing 
topological solitons in Iwo-ltuid plnsma hydrodynamics and in 
magnelohydrodynamics (MUD). It is interesting that there exists 
a topological solilon realizable within a wide class of hydrodynamic 
models. It is not improbable that the concept of the topological 
solilon is essentially (ho multidimensional generalization of the 
concept of tho conventional solilon. 

6.2. THE SCALING GROUP 

AND FUNCTIONAL METHOD 

6.2.1. The Scaling Theorem, Locality Hypothesis 

and Kolmogorov’s Spectrum 

The most specific feature of strong turbulence is that the 
hierarchy of correlation equations is not closed that results from 
the large valuo of the coupling constant (6.21 (in hydrodynamics, the 
Reynolds number Re » 1). As a consequence, we should treat the 
whole correlation chain as a single object. One of the feasible ver¬ 
sions of tho exact statistical treatment of a wave field is accomplished 
by introducing a characteristic functional q> 16.31. 

For example, for a compressible fluid wo have 

v ly. y»l = (o*p * j (M*, Oiii (*)+p (r. 0 y„ (*)) , (6.1) 

where (...) is the average over an ensemble, V is the veloiily, 
p is the density, and y, (j), tj 0 (x) arc the functional arguments 
(arbitrary vector fields vanishing at infinity). Differentiating (0.1) 
with respect to time and using hydrodynamic equations one can 
easily derive a closed equation for ® (6.3, 6.111 (the MHI) case is 
discussed in 16.361) 

■St—L, + )i r, (6.2) 

where /. is the linear inlcgro-diffcrcnlial operator containing the 
common and variational derivatives (6/6p|, 6/6 y„), while the linear 
operator / is involved in (6.2) due to a turbulence source, and the 
random external force is assumed for simplicity Gaussian (the explicit 
forms of L and / sec below). The advantage of such a functional meth¬ 
od is a compact formulation that reduces the description of the 
random wave fiold ovolulion to tho anolysis of a single linear equa¬ 
tion. (Is disadvantage is also evident. It is the presence of tho vari- 
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aiional derivatives that renders it difficult to obtain an explicit 
solution. U is this disadvantage that stimulated the development of 
another approach 10.111 that is discussed in this section based on the tra¬ 
nsformational properties of the characteristic functional equation with 
respect to a scale transformation group. This approach analyzes average 
and spectral properties of strong turbulence. Taking into account 
the physically obvious fact that the energy spectrum falls oil within 
the viscous domain, one succeeds in deriving, with a high accuracy, 
a relation between various global turbulent properties (such os total 
energy and the average rate of energy dissipation). As to the spectral 
features of turbulence, the hypothesis of the spectrum locality in the 
inertial subrange enables us to obtain its explicit analytical expres¬ 
sion in a number of interesting situations. 

fn this section we deal with this second problem following (6.Ill 
and 16.131. First of all, consider a statistical description of the ran¬ 
dom velocity field V (z, f) of an incompressible fluid with the use 
of the characteristic functional (6.2). As is well known (sec, c.g. 
IG.2I and references therein), the evaluation of the variational deriv¬ 
atives of <p with respect to y makes it possible to obtain all moments 
of the statistical field V. The characteristic functional satisfies the 
equation of the type (6.2) that acquires, for an incompressible fluid, 
the following form [6.21: 

-2£ = i ( v -j— l)D|(p dx* + v ^ yADrprfx* 

— -y ( «f Ui (*i) Ui (*i) Bit dz} dz*. (6.3) 

where v is Ihc viscosity. 

Recall that the averaging in (6.1) is performed over the distri¬ 
bution of an external force switched on at 1 = 0 and D, = 
6%, (x) d.- 3 is the variational derivative. In deriving (6.3) the 
force has been assumed to be Gaussian, statistically stationary, delta- 
correlated in time, and spatially homogeneous with the correlation 
tensor 

</i (*,',) i, (*.<.)> •= B„ (z,-z.) 6(1,-!.). (6-4) 

The steady-stale condition for turbulence energy corresponding 
to the balance between a source and a sink, 

<™-t <(-&+-&) V ; ' <6 ' 5) 

where e is the average energy dissipation, results, as can be easily 
shown, in the restriction on the spatial part of (6.4) 


-yS»(0)='e. 



The lensor B„ Ihnl lias, under Iho single Assumption of a homo- 

skSs 

B„ = 2a„, 

where b u is the dimensionless lensor and l>„ (0) = '• 

Since the field / can be considered solenoidal. sMlhoul loss of 
generality, the number of independent spatial scales in b u (reduces 
to three. Further dctaliralion of the tensor structure is not essential 

f0 LcTus P complemcnt Eq. (0.3) with Ihc initial condition correspond¬ 
ing to a fluid being at rest at t = 0. This condition determines the 
unique solution to Eq. (0.3) 

Tllyl. (6B 

Equation (6.3) and the initial condition (6.6) arc invariant with 
respect to the group 

<** = *', «•-*-«', •-<"■"»(*)«»'(*'). 

a'+Pv = v', a 3 l*“te = e , l ctL| = Lj (i = l, 2, 3), 

where a and P arc arbitrary parameters. This invariance implies the 
scaling relation 

<p{y (z), v, e, L, (} = q> {)■'(*'), e', L\ <'}. (6.8) 


Let us stress that, as opposed to the scaling hypothesis (see, e.g. 
(6.371), (6.8) is an exact relation. The relations (0.7) and (6.8) enable 
us to find the spectral characteristics of turbulence within the inertial 
range. Consider the turbulence spectrum of an incompressible fluid 

*«<*>- “W S 'Wl.-i*’. M 

where k 0 = k/| k |. By making use of (6.8) we can transform (6.9) 
into a functional dependent on primed variables. Assuming a =m k, 
integrating (6.9) with respect to hr, and allowing for the infinity of 
integration limits, we obtain 

E„{k, /) = *-«»+*>/ (fc'-l'f, fct+flv, '7, kL) 'F|; (*„).• (6.10) 

In the stationary ease ^ E t , = 0. The arbitrariness of P implies 
~ E,j = 0, whence wo arrive at the equation 


Hero L is the minimal value ot the LCi. 
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|, = A'+»V; g, = Jfc3(»-1 “ 
whose solution can be written ns 

/-s’"/, (s ,/("■). 

where h is a dimensionless function. Thus, the spectral density- 
proves to be os follows: 

E u (A) =>*A-''/*/, («.. kL) 'V„ (A 0 ), (6.11 > 

where >■ — v 3 ' < e _,/4 is the viscous scale. 

On integrating with respect to angles in the A-spacc we obtain 
the expression for the spectral energy E (A) with a given modulus- 
of A 

E (A) = e 2/J A"»' J / (A?., kL). (6.12> 

Let us emphasize that (C.12) has been derived without any hypoth¬ 
eses adopted. However, the further advance to obtain the explicit 
form of the spectrum requires some additional assumptions to be- 
madc. Suppose that the asymptotic expansion of / (kL. Ay.) exists 
at A/. < 1; (kL)~ l <1, this being equivalent to the locality hypoth¬ 
esis, i.c. to the negligible effect of interval boundaries on the 
spectrum development within its inner (inertial) subrange. Then 
in the first approximation, we get 

E (A) = const X e*/*A-»/*, (6.13); 

i.c. the Kolmogorov-Obukhov law. Higher moments can be evalu¬ 
ated in an analogous manner. 

Thus, the description of the turbulence of an incompressible fluid 
within the framework of the model of random forces by the charac¬ 
teristic functional leads to the results that are consistent with Kol¬ 
mogorov’s theory (6.11. 

Now let us find the turbulence spectrum of a compressible fluid. 
Since we are interested here in spectral characteristics within the 
A'-spacc interval, where dissipative coefficients cun he neglected, we 
do not allow for the temporal variations in the spectrum and take- 
the equation of slate in the form P = CJp 0 (p/p 0 ) v - where y is the 
adiabatic exponent and P is the pressure. At the point with p = p 0 
the sound velocity is yCj. Equations of motion for velocity and den¬ 
sity have well-known forms and will not be given here. The assump¬ 
tions concerning the turbulence source will remain the same as for 
®n incompressible fluid. The equation for the characteristic functional 
f has the structure of (6.2) and its finer structure is of no im- 
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portnnce here. Note, however, two principal points. The first con¬ 
cerns the initial condition for q>. As before, we assume that the 
medium is nl rest prior to switching on the external force at < = 0. 
But now, as follows from (6.1), the initial value of the characteristic 
functional is <p, =■ (exp i dz 3 ) (in the above case, <p„ = 1) 
snd the question arises on how relevant spectral characteristics de¬ 
pend on <p 0 . 

But such a dependence, generally speaking, would imply the de¬ 
pendence of tho energy spectrum E (A 4 ) on initial conditions. Prom 
the formal viewpoint, it becomes clear when in the Navior-Slokos 
equations and, accordingly, in (6.2) we change to the variables f, = 
pV,. ‘t, = pV ! (momentum and energy, respectively). Then the 
initial condition for <p becomes simpler (<p„ = 1) and independent 
of the group transformation of variables. This yields the above state¬ 
ment. Taking this into account and neglecting the dependence of 
E (A) on «p 0 we. nevertheless, will use the former variables p, V, to 
simplify calculations. The second point is more essential, since 
tolh the Navior-Stokcs equations and the equation for <p explicitly 
contain the constant /!„ =• Cipi ,“ v and it would seem that we have 
-too many parameters, which precludes the existence of self-similar 
spectral domains. Yet in fact this is, generally speaking, not the case 
since increasing the number of parameters leads to the generalization 
of the invariant group of Eq. (6.2), i.e. this two-parametric group 
transforms into the three-parametric one in accordance with pos¬ 
sible changes in the length, lime and mass scales. The group of the 
scale transformations has now the following form: 

(x) = ij„ (*'). fi-'a-'f+ity, (x) = <j\ (*'), 

fiaf+'qsq', a L = V, (6.14) 

6a»-'e=?, o2»6 | -vC = C', (C = ypJ" t C?). 


where q, 5 ore the dynamic viscosity coefficients, /, is the scale of 
the external force correlation scale, and a, fl. 6 are arbitrary finite 
positive constants. 

Tho scaling theorem is formulated as an invariance properly with 
respect to the transformation (6.4). Let us require that a'W'V - 1 
(i.o. C = 1). This enables us to eliminate the sound velocity from 
the nonlinear terms in the Navicr-Slokcs equation while renormaliz¬ 
ing appropriately the source and sink. This yields 

;*=Cpi, ij^Cpq, I=CpT| f 

6 = Po 


(6.15) 
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After the renormalization the scale transformation group takes 
the form 

a -(»+J)y (x) = y' (x'), a (v-i +, )„, ( X ) = „• ( Z ') i 

ox = x' «a L = L', (6.16) 



As in the case of an incompressible fluid, one can evaluate, by 
means of <p, any statistical field moment including the following one 

<p e,l) V, («,<) V, ± . («■*’> 

whence for the energy spectrum of vortices we have 

E(k. ') = W.U U.x,i^»,w U} drdS{k) ’ 

(6.18) 

where r=|x,—X t |, k 0 = -j-^y, dS(k) is the area element of a 
sphere, |k|=Ar. It is seen from (6.17) that 

^ > “ 4- e*' 7 ”" ^ J «0 <fA- 

To evaluate E (k, l), we use the scaling theorem in the form 

9{ly(*)l. l!h>(*)). 1. ?• •*• L < *) 

= *<[>'(*')). WM1, V. I', e - *', V, t'). (6.19) 

Using (6.16) and (6.19) wo shall obtain, in perfect analogy to an 
incompressible fluid, 

_/ l+ 2SL) i-a i+»+-4-~ 

E(k, t) = k V t, k k y - e*; kL) 

( 6 . 20 ) 

To derive the explicit expression for E (A), we resort to the locality 
hypothesis, this yielding 

Since — = 0, the final result is 
dp 

2 ~ _2y_ Sy^l 

E(k) = const X PoCo’ ,T * ,Y 3V 


a-083a 


( 6 . 21 ) 



Note that as v oo the expression for E ( k) reduces to the Kolmo- 
gorov-Obukhov law. Let us stress also that deriving the spectra 
(6.13) and (6.21) needs no assumptions on the nature of the energy 
transfer along the spectrum. 

Let us briefly dwell on turbulence in a stratified medium following 
16.38]. Stratification naturally afiecls the turbulence dynamics. At 
sufficiently large scales, buoyancy forces specified by the parameter 
gfi (g is the free fall acceleration and p = ££ is the thermal 

expansion coefficient) play an important role. According to the 
scaling theory advanced by Boldgiano [6.39) and Obukhov (6.40), 
the scale of the lowest inhomogeneily, where the Archimedean foice 
becomes essential, is given by the expression 

L.= e s/4 Jf w ‘(gp)- ,/ *. (6.22) 

where e T is the average “dissipation” rate of temperature inhomo¬ 
geneities. At scales below L, the kinetic energy spectrum is isotropic 
and is fairly well described by the Kolmogorov-Obukhov law. The 
asymptotic form of the spectrum within the interval kL 0 <S 1 can 
be explored by means of a physical hypothesis advanced by Boldgiano 
(6.39) which states that, given a strong stable stratification, the 
energy supplied into this interval is mainly spent on the work against 
the buoyancy forces and therefore the parameter ~e could not no¬ 
ticeably aOcct the spectrum. From dimensional considerations it 
follows then that (6.401 

(0.23) 

(For simplicity, here and below we only discuss the kinetic, energy 
apeetrum.) These results can be also obtained by the functional 
method [6.381. Let tis describe the properties of livdrodvnamic ve¬ 
locity and temperaturo fields by the characteristic functional 

O = <[exp» \ {y, (x) V, (x, I) + s (x) T (x, I )} <fx>)> . (6.24) 

where y„ i arc the functional variables and T (x. t) is the tempera¬ 
ture field. The equation for <t> can be obtained from the Navier- 
Slokcs equations and equation of thermal balance in the form of 
(6.2). It proves to be invariant with respect to the following trans¬ 
formation group: 

«x = x', a'-ft-t', «=»-•-MSP) = («)))', 

a-CK+sij. (x) - >•' (x'), (x) = s' (x'), 

-/ 2 «+»- 1 - 


where a, p, 6 arc arbitrary parameters. 


(6.25) 
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The scale I. is assumed to be small as compared with the source 
scales and to be large as compared with the dissipation scales and 
hence it is neglected. Then the scaling theorem takes the form 

<!>{>'(*). '• «r. (*P)} = f <>•'(*'), *'(**). f, e", e~ T , (ftf)'). 

(6.26) 

In complete analogy to the preceding examples we have for E (A) 

16.381 

A»+0-r e „ A«-'-'(gP), k'-H )*-<»+'». 

(6.27) 

In the stationary case, using the arbitrariness of 6 and p, wc reduce 
E ( k ) to the form 

E (A) - const X e»/ s A-»' s V (AI.), (6.28) 

where V is an arbitrary function. In the absence of the gravitational 
force that induces stratification (i.e. as gP 0, I, -► oo) expression 

(6.28) should transform into the conventional formula for a locally 
isotropic turbulence in a nonslratified Quid. Hence V (oo) -*• 1 
and thus the assumption that buoyancy forces are negligible at 
AI. 1 is justified. For AI. <1, with e neglected, we shall obtain 
the spectrum (6.23) from (6.27). A more general transformation group 
with different scales in longitudinal and transverse direction is con¬ 
sidered in IC.38). This makes it possible to study anisotropic spectra. 
However, here wc shall not consider this problem. Note that the 
application of the scale transformation group is feasible in problems 
involving both the magnetic field and the Coriolis force 16.36. 6.411, 
given a proper choice of relevant parameters. 

6.2.2. The Universal Equation of State 

In the Theory of Strong Turbulence 
In the last few years a considerable interest has been 
aroused to the statistical theories of nonlinear non-equilibrium en¬ 
sembles. This entails the relevant problems of thermodynamic rela¬ 
tions and the possibility of constructing a nonlinear non-equilibrium 
thermodynamics. Hydrodynamic turbulence is a system of this 
type. Indeed, the strong turbulence can be treated as an ensemble 
with an infinite number of strongly interacting degrees of freedom 
that is far from equilibrium. In contrast to the preceding section, 
where we discuss the universal power distributions of energy over 
the spectrum within the inertial subrange, heie we will show that 
the turbulent parameters averaged over all scales obey a universal 
relation 16.141 as well. Our result points to the fact that the non¬ 
linear non-equilibrium thermodynamics can be constructed within 
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the framework of unified concopls describing a strongly non-oqui- 
librium steady stale that arises due to an interaction between a sub¬ 
system and a “thermostat". 

The evaluation of the total lurbulenco onorgy is mainly hnmpored 
by the fact that tho main energy-rango in tho 4-space is due to the 
source. Therefore it is impossible to evaluate the onorgy by uni¬ 
versal turbulence spectra in the inertial range. Other statistical con¬ 
siderations cannot be applied here because of an inadequate advances 
in the statistical theories of such systems. Ilowevor, we oxploit the 
fact that exact spectral relations have been obtained in IG.11I and 
16.361 on the basis of functional approach and scaling group appli¬ 
cation (see the preceding section). Thus, for an incompressible 
fluid we have 

2(*)_ e v.*-w/(*£ *>.) (6.29) 

Let us recell that in deriving (6.29) we have only assumed that 
the turbulence energy spectrum is stationary. To calculate the total 
energy, we integrate (6.29) with respect to k 


= J kX) 4k. 


/(>./£)={/(*.*, z)dt 


In the case of strong turbulence the source and sink are known to 
be widely separated in the 4-space according to Re » t so that 
ML <1. Some authors have proved the possibility of an asymptotic 
expans.on in terms of ML (see, e.g. (6.421). Following those results 


£-/(0)(i/.)« 


(6.31) 


r n l Te r rl ( ^ i , 3 ,'m dCP0n u dCn ! 0f • ' ,n ‘■ L - Th ® possibility of expressing E 
illons The / 6 rna C n«'lnn 0 n ? J " sllf '«j by simplo and obvious considV 
ations. The expansion m terms of ML implies that the spectrum at 
*>A is of the Kolmogorov type as bofore, i.e. we neolecl the 
c!daTed^h;^ri deCay l , h ® Vi8COl “ dom * in - Honce we^avo cal- 
™ 'l?,! 018 ener Ky VO >"0 with an error that does not exceed an 

S’d2i h ;irj n ;s: i £’ -> “ 
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Calculating this correction by the Kolmogorov spectrum we esli- 
mate the error 

E, < const x 


Finally. 

<8-32) 

Physically, this means that the energy within the viscous domain 
is small as compared with the energy in the remainder of the A-spaco 
and expression (6.31) for E is very accurate. This expression describes 
Iho relation between the total turbulence energy and the "thermo¬ 
stat" parameters, L and e (here effects of external factors, i.c. of the 
processes of turbulence energy pumping and energy dissipation loss 
are referred to os "thermostat"). Tin's relation known as "the first 
law” of turbulence is reliably corroborated by experimental results 
16.43). However, it has not been derived rigorously yet. Other global 
properties of turbulence can be calculated in a similar manner. To 
illustrate, we present here the variance of the pressure P for the 
homogeneous turbulence of an incompressible fluid 

</«)-(P) 2 -7(0) (6.33) 

Equations (6.31) and (6.33) yield 

E =const x{L ((/>*)—(P) , )) ,/1 . (6.34) 

It is noteworthy that the equation of slate (C.34) is of universal 
nature, preserving its form also in the case of homogeneous turbu¬ 
lence of a compressible fluid 16.14). Indeed, using the scaling theorem 
and the spectrum form in the compressible cose we. quite similarly 
to the preceding distributions, obtain 


(6.35) 


Expressing e in terms of the pressure variance for a compressible 
fluid (dependent also on v) we shall again obtain the equation of 
state (6.34). 

to conclude the present section, let us point out that Eq. (6.34) 
establishes the relation between E (acting os temperature), a pressure- 
dependent parameter, and L (replacing the system's volume I': L ~ 
v 1 ' 9 ), this relation is thus a turbulent analogue of the equation of 



ISO A. Z. Sagieeu el at. 

6.2.3. On Possible Departures from Self-Similarity 

In the Theory of Strong Turbulence 

The ideas of Kolmogorov and Obukhov, which have re¬ 
sulted in the spectrum A-*/* in an incompressible fluid, were based 
on the assumptions of the conservation of the energy flux P h along 
the spectrum, on the energy cascade from larger vortices to smaller 
ones, and on the independence of the inertial-range spectrum on the 
positions of the energy source and sink. The existence of tile con¬ 
served quantity Pg in the inertial range of the wave number space 
makes it possible to express the stationary energy distribution E (k) 
in terms of this “integral of motion". Note that, as indicated above, 
the use of the scaling theorem yields the Kolmogorov-type spectra 
without any assumptions on the nature of the energy transfer along 
tho spcclrum. However, for an incompressible nonslralified fluid the 
hypothesis of the conservation of Pg along the spectrum seems to 
be quite reasonable. In a sense, the turbulence of sawtooth waves 
is another limiting case. In this case, the energy flux is noticeably 
damped due to dissipation at discontinuities in all spectral ranges. 

However, as shown in [6.441, here one can also use the concept 
of energy flux if the flux nonconservalion is included into the con¬ 
tinuity equation for the spectral energy density E (A - ), i.e. if one 

iE | ap n n A» ir oe\ 

W'~dT-~ u lT' ( 6 - 36 ) 

where D is the absorption coefficient. According to [6.441, D = 1 
when discontinuities are prosent. The simple phenomenological equa¬ 
tion (6.36) has an obvious physical meaning, hence it is natural to 
use it in other situations as well, when the (lux losses arc small. 
From this viewpoint, consider the effect of compressibility on the 
vortical turbulent component by starting from small Mach numbers 
16.13, 6.441: 

VIC =. .V<1. 


where 1 = / (i^T is the characteristic velocity of turbulent pulsa¬ 
tions. Here the cnorgy flux ina vortical component is weakly damped 
due to the transfer of a part of vortical energy into the potential 
turbulent component. It is woll known (see, c.g. [6.21) that 

IVK„-.I,*, (6 37) 

where K, and !'„ denote the potential and solenoidal velocity cora- 
{»"*"£*■ respectively. Taking into account (6.37) it is easily verified 
that the sink term in the equation for the spectral density of vortical 
nommt 'i relale | 1 . t0 th ®.Mih-power nonlinearity while the flux com¬ 
ponent, to a cubic nonlinearity m K„. After the scaling of the SDec- 
tral equation by the characteristic velocity V and scafe L. a small 
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(actor V*iC* = M- appears at the sink term, i.e. the ratio of the sink 
to flux terms is proportional to M*. This fact is evidently independent 
of the model form of the nonlinearity and indicates Hint the Mach 
number enters also into the exact continuity equation. 

Taking into account the above considerations we obtain 

D = a ~ 1. (6.38) 

Here the inverse transfer of the potential motion energy into a vor¬ 
tical component can be neglected. 

Using (6.36) and (6.38), in the stationary case we arrive at 

P k = P t (kL)-^ , \ (6.39) 

Applying now Kolmogorov's arguments (the spectrum should 
depend on k and the (lux only) we find the expression for E (Ar) as 
follows: 

E (k) = PV'lS'* (*£))-Vi-twaww. (6.40) 


Thus, when weak compressibility is taken into account, the spec¬ 
trum loses its self-similarity due to the Mach number inclusion. In 
physical terms, the loss of self-similarity can be explained in the 
following way. The constant of the interaction between potential 
and vortical components is M s and the main interaction proceeds 
via large vortices. The energy (lux along the spectrum “remembers" 
the situation in the large vortices since it flows from the region of 
small k's into that of large k’s. Since, in turn, the flux controls the 
spectrum, this leads to the loss of the self-similarity of the spectrum. 
It can be said that the vortices, when interacting with a potential 
field that is dependent on the energy of the corresponding source 
(this energy F’ : ~ (bL) 3 ' 3 ), are additionally affected by the large 
vortices via the above field. This eflect is preserved even after the 
exclusion of kinematic transfer. 

We used the simple phenomenological Eq. (6.36) to clarify quali¬ 
tatively the spectrum dependence on the Mach number. To find 
an explicit expression for the spectrum we shall proceed in a different 
way. Let us resort to Eq. (6.21) for the vortical energy spectrum that 
is derived under the assumption of a perfect self-similarity of the 
spectrum. This hypothesis requires, however, some refinements. As 
follows from the above considerations, the spectrum should depend 
on the Mach number squared, .1/*, and, via M 1 , on L: 


Because of this, the violation of Kolmogorov’s self-similarity is due 
to the dependence of E (k) on the Mach number. Let us recall that, 
for the adiabatic equation of state, the sound velocity squared is 
C 3 = yCf. The spectrum ceases to be I-dependent, as follows from 
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... , Hpre .1/5 = v -i i.e. Eq. (0.21) contains the 

(6.41) , al eL Cj. • / n( | ence 0 f the spectrum. This 

number. It can be then easily seen that to derive an exact formula 
needs the substitution 

Next, taking into account the dependence of £ (*) on e which 
stems from (6.21) after the substitution C„ -► (e£) S/ * and using 

(6.42) we arrive at the vortical energy spectrum in a compressible 


£ (k) ~ Uiwk-V* ( kL) . (6-43) 

The formula (6.21) is a special case of (6.43) at U ~ Cl. 

It follows from (6.43) 16.12) that at M 2 1 


£(*)~^' T " 

Thus, atO<W < 1 thespeclra arc within the interval iA—»/*-*-*). 

As to the effect of the vortices on the potential component, an 
interaction between sound and vortices, as shown in (6.45, 6.461, 
can result in establishing the k" 3 ' 2 spectra (6.47). 


6.3. "NULL-MODES” 

AND THE SELF-SIMILAR SPECTRUM 

6.3.1. The Nature of Infrared Divergencies 

and Ballistic Modes 

As has been staled above, even though Kolmogoiov's 
spectrum steins from the most general concepts and is reliably veri¬ 
fied by experimental data 16.2), its consistent theory till now has 
not been constructed. Such a theory should be developed using 
a mathematical framework within which a nonlinear wave field 
can be explored for an arbitrary level of nonlinearity. One such 
approach, a functional one, has been used in Sec. 6.2. Here we use 
another effective tool, Ihe diagram techniques. At a low level of non¬ 
linearity this technique makes it possible to ignore all but first 
terms and to derive a kinetic equation that describes weakly turbu¬ 
lent slates. The theory of strong turbulence needs all diagram equa¬ 
tions. Nevertheless it is the theory of weak turbulence that provides 
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us will» an example of applying Kolmogorov’s ideas (6.15). This 
suggests that Kolmogorov's spectra must be searched for as the exact- 
solutions to the kinetic equations corresponding, within the inertial 
range, to the flux conservation along the spectrum 16.16). The main- 
point of this approach is the independence of the self-similar spectrum- 
of the inertial range boundaries, where a real spectrum is distorted 
by the source and sink. From the formal viewpoint, integrals that 
describe the interaction of waves belonging to the inertial range with 
all other waves must be convergent. If spectral integrals within 
the inertial range are divergent (on the source or sink), then any 
correction of this spectrum at the inertial range boundaries will 
be of no help since the spectrum loses its self-similarity. 

Returning now to the strong hydrodynamic turbulence, the role 
of the divergencies in diagram techniques becomes more clear. More¬ 
over, in the theory of hydrodynamic turbulence the divergencies 
are a sole obstacle to obtain Kolmogorov’s spectrum as an exact 
solution of diagram equations. Now it is generally assumed that the 
most troublesome ones are infrared divergencies. Therefore below 
we arc going to restrict ourselves only to these divergencies. 

Even the early papers (6.18-6.20) argued that the infrared diver¬ 
gencies could arise duo to the convection of small vortices by large- 
scale flows. In (6.21) it is proposed to eliminate this convection by 
the interaction representation while (6.221 demonstrates how this 
convection can be eliminated within the framework of the direct 
interaction approximation of Kraichnan (6.48). In a sense, the ulti¬ 
mate elimination of the convection (summation of the most diver¬ 
gent diagram) has been performed in (6.23). Unfortunately, this has 
not resulted in the complete elimination of infrared divergen¬ 
cies. 

What is the reason of this situation? First of all, note that the 
main source of infrared divergencies is a troublesome contribution 
near k = 0 that arises steadily due to an interaction between the 
vortices and adjacent wave vectors. To cancel out this contribution, 
we need to include the generalized solutions of the ballistic-mode 
type. These solutions arc generally not considered in the theory of 
turbulence. 

From the physical viewpoint, the solutions similar to the Van 
Kampcn-Casc modes (6.26, 6.27) describe freely moving beams of 
Lagrangian particles and have a continuous spectrum. The arbitrary 
spectral parameter for these modes can be chosen so that the trouble¬ 
some contributions near k <= 0 will be cancelled out (6.24, 6.251. 
Below these generalized solutions will be termed “null-modes”. By 
a proper choice of a group of Lagrangian particles one can construct 
a velocity field consistent with Kolmogorov’s self-similarity. 

In a sense, the role of the “null-modes" is analogous to that of the- 
Van Kampen waves in collisionless plasma. 

Now let us turn to calculations. 
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We proceed from the Navier-Stokes equations which, in terms of 
♦he Clebsch variables X, p, have the following form 16.49). 


*L-|-(uV)X-0; -£-+(uV)p = 0, (6.44) 

u = /.Vp+V®. ( 6 ‘ 45 ) 


The potential part V® of the velocity field is determined by the 
incompressibility condition div u = 0 and has the form 

<D= — A-*(V (XVp))- ( 6 - 46 ) 

In lerms of the variables 

where X» and p» are the Fourier transforms of X and p, respectively, 
ive obtain the following expression for the velocity u: 

u* = j (k-rk,— k,) dk, dk„ (6-47) 

where O*,*, is the matrix element 

+ (6 -® ) 


Tho quantity ©*,», has the following asymptotic forms: 

® Mt = [k s - k, ( £) cos 0, (6.49) 

cos6= | 


If both vectors simultaneously tend to sore, i.e. k,»Aj-*-0, then 

-TH^ |k ' -,(k ‘ , H#l (6 ' 50) 


Expression (6.30) implies that the vector (t**,*, is indeterminate. An 
attempt to define <&*j, ns a limit of as e 0 does not succeed 

since (6.48) suggests that 

(e®».*.«)™0 (6.51) 

for any e. Thus, <!>»* proves to be dependent on the direction along 
which the vector e tends to zero. 

It is seen from (6.47) that the indeterminate form of <&»,, leads 
ito the indeterminate form of u» at k = 0. What is the nature of this 
.indeterminacy? In connection with this question let us return to the 
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definition of the potential part of the velocity field «>*. The latter 
can be round irom the incompressibility condition 

kV » = 0 - (6.52) 

Evidently, the general solution of this equation is 


V* = U* 4- C6 (k), (6.53) 

where U„ is the smooth part of the velocity field (6.47) and C is an 
arbitrary function of time. 

The second term in (6.53) is analogous to the modes of a continuous 
spectrum of the Van Kampen-Case type (6.26, 6.27J. In analogy 
to ballistic mode terminology, C can be called a spectral parameter. 

Below the term C6 (k) will be referred to as a "null-mode". From 
the physical standpoint, “null-modes" describe either free motion 
of Lagrangian particles at C = const or modulated beams of Lag- 
rangian^ particles at C = C (<). Using the arbitrariness of C (f) we 


C= 




(6.54) 


7 = («■>. k). 


With the spectral parameter so chosen, the velocity takes the 
form [0.24, 6.251 

v «= j( 6 (9+?«“7i) - 6 (?)) dq, dq t . (6.55) 


The earlier indeterminacy in means that the interaction be¬ 
tween vortices with k x as k s produces the motion with nearly van¬ 
ishing momentum k as 0. This fact was illustrated by the asymp¬ 
totic form (6.50) that led to infrared divergencies within the stan¬ 
dard approach 16.51. As follow from (6.55), the spectral parameter C 
chosen in the form of (6.54) cancels out the contribution from the 
interaction between adjacent vortices at k = 0 and results in the 
cancellation of infrared divergencies. 


6.3.2. Diagram Techniques 

Diagram techniques for hydrodynamic equations in terms 
of natural variables have been developed in [6.4]. However, more 
convenient are the Clebsch variables reducing relevant equations 
to the Hamiltonian form. The diagram techniques for Hamiltonian 
systems, in particular, in terms of the Clebsch variables have been 
developed in the paper by Zakharov and L’vov [6.5]. These authors 
also stressed that, in the absence of divergencies, Kolmogorov's 
spectrum became an exact solution to diagram equations and the 
problem of divergencies as a whole was treated as that of the modi- 
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fication of the diagram equations. Below we show that a proper 
modification of the diagram equations enables the null-modes to 
be introduced. 

In our case the Hamiltonian 

would include the terms like 6* (k), hence using the standard dia¬ 
gram techniques 16.51 presents some difficulties. Not rejecting the 
convenient Clebsch variables we are going to construct the diagram 
techniques by starting directly from Eqs. (6.44). In terms of the 
variables «» the latter take the form 

a, = G' #> J W„ tM ,a ai a u al. dq, dq, dq„ (6.56) 

= (k«D*,*.) 6 (9, + 9 .- 9 ,- q) 

is the interaction matrix element which for convenience will be 
used in a nonsymmetric form, while Gq' = (o> -f fO) -1 is Green’s 
function of free field. 

The “null-modes” discussed at the beginning of this section can be 
introduced into (6.56) via identical transformations. Indeed, let us 
denote 

V„ = j dq, dq,. (6.57) 

Then we obtain 

«« = a-hv.+io j dq { dq, dq„ (6.58) 

Tin**.- (kO».*,) (6(9,+ ?,— q, — q)— 6 (9*—9)). (6.59) 

Since V, = const, then by changing the variables we arrive at 
dq, dq, dq,, (6.60) 

o>| = o)| + k,V (i = 1. 2, 3). 

To construct the diagram techniques, both a random external 
force and a small dissipation should be included in Eq. (6.55). 
The random force is assumed Gaussian, statistically homogeneous, 
isotropic, and stationary. 

The introduction of an external force is of auxiliary nature and 
is necessary only for deriving diagram equations. The correlator of 
this external force enters into the final equations additively and 
can be tended to zero along with small dissipation. For the diagram 
equations to be independent of the properties of this force, it is 
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necessary to supplement the above conditions by another property, 
viz- the external force must be a Galilean invariant. Below we assume 
that all these properties exist. Note that the incompressibility con¬ 
dition suggests the property 
(k, —k,)<&*,„, = 0, 


thus enabling us to assume that in the matrix element T qq , q>q , 

= (6.61) 
In the construction of the diagram techniques we start from the 
equation 

a~ = CV” [ j T « d 1t <*7s + /,] , (6.62) 


?, = (*„ o, + k,V.) (*-1,2,3). 

where G q ' = (to + tv)' 1 and v is the damping that was introduced 
phenomenologically simultaneously with /,, the random external 
force, whose correlator is 


</«/;> = (/?> 6 (q-tf). (6.63) 

Let us draw the vertex T qq , q , q , graphically (Fig. 6.1). Besides, 
let us denote Gj, w =-, f q = .. Then the first terms 


<?;- 



Fig. 6.1 

of the formal perturbation theory in external force will have the 
form shown in Fig. 6.2. Conventional Green's function is 

(6 ' 64) 

Let us also introduce Green’s function of a Doppler-shifted argument 




(6.65) 

Here the averaging is assumed to be performed over the external 
force. In addition, let us introduce the spectral densities 


<a,o}) = n,6(q—q'), 

(a*. «+kVo<*J'. o'+k'Vt) = N vi- 


( 6 . 66 ) 

(6.67) 




158 ft. Z. Sagdeev el al. 

Let us denote 

<?«•=,—7- *«—r-7- ( 6 -68) 

Performing a standard averaging over the external force we shall 
obtain, from the series shown in Fig. 6.1, new diagram series which 
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include the [“nfions <V and ,V„. i„ the left-hand aides (see 
pig. 6.3). Note that the form of tho vertex r„, 9l3l suggests that the 
pairing shown in Fig. 6.4 yields an identical zero. Taking into account 



Fig. 6.4 


that the average velocity is zero and passing, by means of a partial 
summation, to irreducible diagrams we arrive at the diagram equa¬ 
tions for the functions and .V„. (see Fig. 6.5). The topological 



Fig. 6.5 


pattern of the diagrams obtained is the same as that for n v and g 9 . 
They differ only in that, in the diagram equations of Fig. 6.5, on 
each line connecting two vertices the integration is performed with 
respect to two momenta and ql”, one of which is positioned at 
the beginning of the line and another, at its end. Since the external 
force correlator enters into the equations of Fig. 6.5 additively we 
can tend it to zero along with the dissipation v. Consequently, G, -*• 
(o> + iO)* 1 . Thus, for the subsequent exposition, the basic equa¬ 
tions will be those of Fig. 6.5 without the external force correlator. 
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■6.3.3. Reduction of Diagram Equations and 
Cancellation of Infrared Divergencies 

The matrix element 7 1 contains the diSerence of two 
•6-funclions which is transformed as 

* («7. + 9 *—It “?) ~ 6 (?*—?) 

= {1 — exp (k, - k,) ~ exp (<o, - to,) 6 (q, + q t - q, - ?). (6.69) 

In (6.69) we have used the shift operator. Expanding (6.69) into 
a series yields 

= (M>mJ { ~ <k, - k.) 4s~ '- *>*) -k ~ • ■ •} 

X6(7.+7 S ~9a-ff)- (6.70) 

The interaction matrix element T qq , q , v , will be used below in the 
form of (6.70). 

As has been slated before, from the standpoint of Kolmogorov's 
theory, the statistical properties of turbulence must be independent 
of the inertial range boundaries. This means that the functions 
jY,y. have a purely self-similar form, i.e. they have no para¬ 
meters of the dimensions of length and time. Hence we can write 



The dimensionless functions /, Y determine the constants in the 
expression for Kolmogorov’s spectrum. Substituting the expres- 
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sions (G.71) into the diagrams of Fig. 6.5 enables us to trace how the 
infrared divergencies are cancelled out. 

Since higher-order diagrams are cumbersome we consider, as an 
example, the second-order diagram. The first-order diagram is of 
no interest since it converges without any cancellations. Were it 
not for the cancellations of divergencies, then among the second- 
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order diagrams there would be a diverging diagram shown in Fig. 6.6 
denoted by z,. 

J 

X dq" dq t dq[ dq t dq' t dq, dq’ a . ( 6 72 ) 

At the vertices T we retain, in the infrared limit, (he terms that 
tend to zero roost slowly 

6 (k, + k,-k,-k) 

6(®,+ . (6.73) 

Substituting (6.73) and (6.71) into (6.72) and introducing the fol¬ 
lowing variables: 

k; _ _ ®; r CD. . 

ir- 1 *" - 5 r=?» #= 5 .. 
if = 1i’ ■§■ = «»• -^r = ?s. 

_k»__ <dJ _. 01, t 

*, '•*' ct, = kJ> — 6ji 

k'/k' = 1 )', co'/co' = 
wc obtain the expression 

/,= j (M**,*,) (ti t «W *„,) kl 1 * 6 (k, + k,-k,-k) 

x 6 (M,+*,11, - k'n' - Mi) 

X [(k?%-kV%) 6 (*5 /3 5i + kl% - kf %-01)] 

X [(Ai ,3 i.?,-*3 2,3 5,W 6 (*1*5*+ ki'%t ,- oi'C' -*? /3 5 ,c.) ] 

X ~k\™k \»'» (*•)*/» V ( (*•)»/> ’ n ’ 0 
xi;"F(i„ t,)/(5„ q„ £,)/(?„ I1„ £,) 

X (<#|, diii d? l )(d|.dn l ci? f )(d| J ifiudt,)dk,dk s dk,. (6.74) 

The question of the convergence of the integral (6.74) reduces to 
that of the following integral in momenta: 

1 = j 

>■ [(ti"l,-if’5,)(if''S,£i-*s IJ SA)l*,*,- <6.751 

Such an integral did not contain the bracketed multiplier and 
was thus divergent for *, and k, tending simultaneously to zero. 
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In our case Ihis integral is convergent. To see that it is so, let us 
change the variables 

p = (AJ+AJ)‘/*, A, = p cos x. Aj = p sin •/, p>0, 0<x<S*/2. 

As a result, 

/= j’ dQ j j rf7.(kd> co ,,.„„ »)(%<I» n ,„ nZ ., 1 c.,*)cos- 7 /» X sin- , rt x 

X (l,sin*/»x-5,cosV>x)(i,; 1 cos»«x-6 > £ J sinV*x). (6.76) 

where dfJ means integration with respect to nonsingular angular 
variables. The integral with respect to p in (6.76) converges ns f>- ,t 
while the integral with respect to the angle •/ converges as -/. 9/ ’ at 



Fig. 6.7 


the singular points x = 0 and a/2. Thus, the convergence of the dia¬ 
grams of the second order is proved. This analysis of the second- 
order diagrams for Green's function demonstrates the general 
mechanism of cancelling out the divergencies. 

Let us consider the higher-order diagrams in a somewhat simplified 
manner. The diagrams for A',,- have the same topological structure 
as those for G„. and it is only necessary to replace one of the wavy 
lines in the main section of the .V,„. diagram by the line—*, there¬ 
fore we are going to restrict ourselves only to the diagrams. (Aset 
of wavy lines after whose disruption one can split a diagram into 
two disconnected parts is called the main section in the diagram.) 

The higher-order diagram, with Q vertices, contains Q wavy lines. 
A vortex has two troublesome momenta in which it converges only 
slowly. In Fig. 6.7 they are denoted by A and B. In the novel tech¬ 
niques, with the “null-modes” excluded, each pair of the momenta 
enters with the multiplier (aA* 7 * — P*! 7 *). In terms of the variable 
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p* - *1 + *2 - • • • 4 kj. ns 
the ^lli-order (I ingrain becomes 


I «~ ) 


• p npin/»p»n-i j p , 


'villi the socond-order diagrams, 
proportional to the integral 

(6.77) 


The first multiplier in (6.77) arisesdueto the vertices «l>, the sec¬ 
ond one. due to the “null-modes" cancellation, and the third one, 
due to a volume element in the momentum space. Evidently, the 
integral /„ is convergent. In a version of the diagram techniques 
without the “null-modes" cancelled out we have, instead of (0.77), 
the divergent integral 


1 ~ j ~ j I'’'-" Jp. (6.78) 

Thus, the procedure of diagram modification and of “null-modes" 
isolation from an interaction matrix clement results in cancelling 
out the infrared divergencies. 


6.4. INVARIANT PROPERTIES OF HYDRODYNAMIC 
MODELS AND TOPOLOGICAL SOLITONS 

Studies of the turbulence in strongly interacting systems 
come across a number of generally known difficulties. Therefore it is 
importer lo find ways to overcome some of these difficulties. The 
analysis «f the invariant properties of hydrodynamic models may, 
on the one hand, assist in advancing in this direction and, on the 
other hand, indicate some finer properties of turbulent motion. 


6.4.1. Freezing-ln Integrals, Topological 
and Lagranglan Invariants 

Let us consider the principal invariants of hydrodynamic 
models and obtain general relations between them. Lagrangian in¬ 
variants are the quantities that satisfy, in terms of the Eulcrian 
variables, the equation 

iL+(VV)/ = 0, (6.79) 

lhat describes the conservation of I when it is converted by fluid ele¬ 
ments. Another typo of invariant quantities is represented by the 
freezing-in integrals described by the equation 

&+(VV)J-(»)V. < 6 -®» 

This equation describes the freezing of the lines of force of the field J 
into a fluid. 
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Let us consider some relations that are independent of the specific 
form of the equations describing the velocity field. These were de¬ 
rived using only the continuity equation for the density p (or some 
other quantity). Hence the relations derived below arc valid for any 
dissipalionless hydrodynamic model. Suppose that, in addition to 
the Lagrangian invariants x„ (the initial coordinates of Lagrangian 
particles), we have a number of other Lagrangian invariants 
/., I 3 . Choosing these as the basis of a new Lagrangian coordinate 
system we change from i*. xi, if to /„ /,. I 3 (i° i -*■ /). Clearly, 
because the volume elements in terms of both the old and the new 
coordinates arc Lagrangian invariants, the transition Jacobian is 
also a Lagrangian invariant. Thus we obtain the Lagrangian in¬ 
variant 

/ t =-l 2; %{ ■ (6.81) 

The derived relationship can be used in constructing the Lagrangian 
conservation laws in terms of three or more known Lagrangian in¬ 
variants by means of repeated consecutive use of (6.81). 

As another relationship to construct the Lagrangian invariants 
in terms of the known freezing-in integrals we can use the follow¬ 
ing (6.311: 

I' = J V/. (6.82) 

Indeed, direct calculation of d/'idt, with (6.70) and (6.80) taken 
into account, shows that /' is a Lagrangian invariant. This can be 
also easily verified by simple physical arguments. To do this, let us 
consider a surface I = const and choose an elementary contour lying 
on this surface. It is evident that for any motions the contour will 
remain on this surface due to the conservation of the Lagrangian in¬ 
variant /. The orientation of the area element dS of the elementary 
contour coincides with the orientation of V/. Moreover, noting that 
the equation for V/ coincides with that for p dS, one can select the 
constant so that V/ = const x p dS. Relation (6.82) may be then 
interpreted as the conservation of the flux of a frozen-in quantity, 
thus proving that the quantity /' is a Lagrangian invariant. Rela¬ 
tion (6.82) admits a certain generalization because in the above ar¬ 
guments of importance is only the fact that the quantity V/ is a vec¬ 
tor field satisfying an equation whose form coincides with that of 
the equation for p dS. Then introducing the fields which satisfy 
the equation 

(6.83) 

results in generalization of (6.82) 

/' = JS. 


(6.84) 
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For an incompressible quid this relation is given in [0.501. The intro¬ 
duction of the field S is substantiated by physical applications. In 
particular, it emerges ns the momentum of a small annular vortex 
[6.511- 

Now let us construct the frozen-in quantities from Lagrangian in¬ 
variants. Consider in a Lagrangian coordinate space the surfaces 
I\ ( x o) = ‘t an< l {2 ( x o) = Ji "here two Lagrangian invariants have 
fixed values. In the general case these surfaces intersect along a cer¬ 
tain curve. Let us choose an clement c/1 along the intersection line 
of these surfaces, this being the element of length of a fluid line spec¬ 
ified by the invariants /, and l,. It is clear that the vector [V/„ 
V/,1 is tangential to d\, i.e. it always coincides with the latter’s orien¬ 
tation. This makes it possible, by passing to the Eulcrian coordi¬ 
nate system, to derive the expression for the freezing-in integral 
16.311 


J = -j- |V/|, V/*|. 


(6.85) 


Thus, the Lagrangian integrals enable us to construct the quan¬ 
tities frozen into a medium and satisfying (6.85). Of course, this can 
be also verified directly, by differentiating (6.85) with respect to 
time. The linearity of Eq. (6.80) in J implies that the sum of frozen- 
in quantities will be again frozen-in. Besides, multiplying J by a 
Lagrangian invariant also does not violate its freezing-in stale. 
Proceeding from this simple reasoning one can easily see that the 
quantity constructed from the three Lagrangian invariants I 2 , /, 
is frozen into a medium (6.31) 


c.-l («•*» 

where the subscripts take on the values of 1, 2. 3. This quantity has 
an independent sense as well. e.g. in terms of n-fields [6.521. It should 
be noted that the relation (6.85) can be also generalized (by a reason¬ 
ing similar to the above) by s-fields. Then (6.85) transforms into 
the following relation [6.501: 

J = -1 [S, S'). 

Let us stress one specific feature of (6.85). All known fields frozen into 
* medium (e.g. J = —; curl -, etc.), as the quantities from (6.85), 
Possess the property of div Jp = 0. In physical terms, it means that 
•fie charges of the’field J are absent. In other words, the lines of 
force of these fields can be either closed liuos going to infinity or 
everywhere densely fill a manifold of dimension higher than 1. Ge- 
nerically, the constructed fields (6.86) do not have such a property 
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and exemplify the frozen-in quantities of a new type. Moreover, Uvo 
forms of the differential relations for a frozen-in stale, i.c. (0.80) and 

i£- = curl|pJ,V) (6.87) 

are not equivalent since (6.80) implies the following equation for pj: 
-^- = curl|pJ, VJ-VdivpJ, 

which at div pJ =/= 0 docs not coincide with (6.87). As a consequence 
of nonvanishing div pj we have the nonzero flux of a frozen-in quan¬ 
tity through a closed surface and. thus, the appearance of an ana¬ 
logue of the charges of these Acids. If the Lngrnngian invariants in 
(6.80) arc interdependent (i.c. there exists a relation if (/,, /„ /,) = 
0). then div pj vanishes and we return to conventional frozen-in 
quantities. 

Besides the above difference. Eqs. (6.80) and (0.83) differ also 
topologically within the same class. However, these differences will 
he discussed after introducing the topological characteristics of freez¬ 
ing-in integrals. To obtain these integrals we consider a purely vor¬ 
tical Acid of the quantities pj (i.e. /, — f (/„ /.)). l n this case the 
vector potential A (pj = curl A) can he introduced. Consider the 
quantity 16.311 

F= j pJArfT, (6.88) 

where the integration is performed over the voiurne bounded by 
the surface 5# whose normal is always orthogonal to J. i.e. (nJ) = 0. 

The quantity introduced describes the entanglement of the lines 
of force of the frozen-in quantities and is conserved. To prove this, 
we use the equation for the vector potential A that follows from the 
specific form of J 

4£- = |V, curl Al-fvy. (6.89) 

The form of the function V is not essential here. Using (6.89) and 
(6.80) we obtain 

TT-(JVXV+AV). 

Taking into account this equation one can easily show that 
4r = ('*' + AV) dS = j p(J ii) (>!'-j- AV) dS 

and, since Jn = 0, by dcAnilion, /’ is conserved, i.c. =0. 
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The physical interpretation of the Lagrangian invariants (0.88) 
is completely analogous to the interpretation of their particular 
cases for a compressible fluid and MUD 10.531. 

Now let us return to the topological diOcrcnces between the in¬ 
troduced quantities (0.85) and (6.86). It is evident that the lines 
of intersection of two surfaces determined by Lagrangian invariants 
do not admit any linkage. This is why the invariant (0.88) for the 
quantities (6.85) vanishes (we discuss here the case when the Lag¬ 
rangian invariants prescribe the one-to-one mapping /?* if’). 

For the freezing-in integral (6.80) the invariant (6.88) can be non¬ 
vanishing. Thus the lines of force of the freezing-in integral (6.85) 
arc a set of unlinked lines while in the case of (0.8(5) the lines of force 
can form knots and be linked. 

In deriving the topological invariants of the frozen-in fields of 
another type we use the quantity called a mapping degree (see c.g. 
16.541). Then the quantity 

i], (6.90) 

where j - J/| J |, that is equal to the number of times the vector j 

E es around the unit sphere, when r passes over S, is conserved. The 
cl is that the temporal evolution of the field of a frozen-in quantity 
boils down to its continuous deformation by the flow of a continuous 
medium this enabling a homolopy between the initial slate and the 
slate at the moment I to be established. It is known that under the 
homoio’.y the mapping degree is conserved (6.541. and consequently / T 
is conserved. 

Thus, to construct the freezing-in integrals and Lagrangian in¬ 
variants reflecting a topological structure, a certain initial set of 
Lagrangian invariants is sufficient. In the canonical form, such a 
set can he easily produced by formulating relevant equations in 
terms of a variational principle. Indeed, in the variational formu¬ 
lation of the equations of motion of dissipationlcss media, that is 
based on Lagrangian multipliers 16.551, the trivial Lagrangian in¬ 
variants X ok (z, i) (the initial positions of Lagrangian particles) 
serve as coordinates. The Lagrangian invariants X*. that in this case 
have the sense of generalized Hamiltonian momenta, arc supple¬ 
mentary to the trivial invariants. Hence, one can naturally use a 
set arising from the variational principle as the initial set of the 
Lagrangian invariants. Such an approach to constructing the invari¬ 
ants for an incompressible fluid in the adiabatic case was adopted 
,n (6.311. As another example, consider invariants arising in the 
two-fluid plasma hydrodynamics. Let us illustrate another possi¬ 
bly of applying the aboverelations without use of canonical vari¬ 
ables. To derive the initial set. we use the known system of equa¬ 
tions of the two-fluid plasma hydrodynamics without dissipation 
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„ lb, adiabatic eaaa. Ev.la.liBg lh« "I lha aqa.U.na .1 „ 
me can easily obtain the freezing-in integral 16..i6l 




v| V., 


(6.91) 


where 0 o is the rotation velocity of the a-component os a whole 
(the remaining notation is conventional). 

Thus, we have the freezing-in integral and the Lagrangian in¬ 
variant S a (entropy) for each component. By (6.82), we obtain an¬ 
other Lagrangian invariant 


< 0 H 


If = vs a - 


+0« 


that is analogous, to some extent, to the Erlcl integral for a com¬ 
pressible fluid 16.57). Using consecutively relations (0.82) and (6.85) 
one can construct the freezing-in integrals and the I.agrangian in¬ 
variants of higher order with respect to derivatives, e.g. 




c " rlv -+itr +: 




(6.93) 


eic. 

Finally, by using (6.88), we obtain the topological invariants 

11 = J (curlT„ + ^- + n„)(V. + iEL+4lfl..rl)»", (6.94) 

where the integration is performed over the volume whose surface 
has a normal vector that is orthogonal to the vector (curl V a + 
+ Oa)- 

The invariant (6.94) reflects the entanglement of the lines of force 
of the curl of the generalized momentum field for each plasma com¬ 
ponent. 

The invariants for the hydrodynamic models considered here play 
an important part in tho studies of dynamic processes in continuous 
media. They facilitate the use of graphic geometric properties of 
the hydrodynamic models for a qualitative analysis of specific situa¬ 
tions (e.g. the change in the "minimum B” principle lor plasmas, 
with vortical motions present, due to (6.91)). Their use substantially 
facilitates both the search for exact solutions of dynamic equations 
(6.311 and the construction of various approximate computational 
schemes. Moreover, tho dynamic invariant features manifest them¬ 
selves also in turbulent processes, and, in principle, allowance for 
them must result in a finer classification of turbulence patterns than 
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accepted at present. Let us consider how these properties ore relal- 

vnnanls /• <x, 1) <« - 1, 2, , , ,|. L.I „» introduce ll* c"?re!«tor 
K " t (r, I) - (/*(»,() ;»(!,,) p (lll) p M ). 

By virtue of homogeneity it depends on r = x, - x, For the seke 
of simplicity, tvo essume lli.t (/-p) . 0(lliis is not essential since 
"Iheru'se one can consider.** - </” p > </“ p >. The equation do- 
scribing the temporal evolution of the correlator can be easily de¬ 
rived using the continuity equation and Eq. (6.79) 

ir + di,P« = o ; 

P’»-!/“(»,()/»(x,i) p (*,,) p (x,,) V (,,)) 
t)/ f, (v : f)p(*,(} pfx.f) V lx,)) 

This equation implies that, taking into account P°&i _ „-►<}, the 
quantity 

/;•_ j *“»(., l)d‘, (6.95) 

is conserved, i.e. 

■>/?* „ 


Thus, in the case of homogeneous turbulence, the presence of Lag- 
rangian invariants gives rise to the conservation laws that charac¬ 
terise its large-scale properties. It can be easily understood that using 
the relations (6.82) brings about other invariants of the homogeneous 
turbulence that contain the freezing-in integrals 

/?* = ] (Vf“ (*,f) J (a:,/) V/ 9 (*,<) J (*,<) P (x,f) p (x,/)) dr 3 . (6.96) 

The relations (6.95) and (6.96) enable us to construct statistical 
invariants in specific hydrodynamic models. This, quite naturally, 
leads to different kinds of homogeneous turbulence which arc charac¬ 
terized by nonvanishing statistical invariants. Such a classification 
°f turbulent modes may be justified since the presence of the inva¬ 
riants affects the basic turbulence properties (such as spectral param¬ 
eters, transfer coefficients, etc.). To see that this is so, note that 
the invariants if they exist enter into the set of arguments of the 
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characteristic functional. This, in turn, modifies the scaling theorem 
(see Sec. 6.2) and results in emergence of spectral regions of a non- 
Kolmogorov form. The effect of the additional invariants on spec¬ 
tral characteristics can be illustrated by helical or two-dimensional 
turbulence 16.28, 6.291. 


6.4.2. Topological Solitons and Their Classification 

In what follows, we consider vortical motions in hydro- 
dynamic media that possess a nontrivial topology and that are main 
candidates for stable localized formations. Such vortices are usually 
referred to as topological solitons. Such a term has emerged under 
the influence of works on quantum and classical field theories. It is 
based on the fact that the action of a nonlinearity is restricted by 
topological exclusion rules for a transition from one localized state 
to another (of course, concurrent with energy principles). In this 
sense topology contains another general mechanism bringing about 
localized quasi-particle solutions. An example of another mechanism 
is well known, it is the formation of a dynamic soliton. when the 
action of a nonlinearity is compensated by dispersion. Prior to 
describing topological solitons, let us consider in more detail, from 
a somewhat less formal standpoint, the basic physical properties of 
the above hydrodynamic models. 

(1) All hydrodynamic models of dissipationlcss media involve 
freezing-in integrals. 

(2) Usually, the fields J frozen in a medium are described by solc- 
noidal fields (i.c. div. pj = 0, where p is the medium density). 

(3) The fields J possess topological invariants associated with 
the conservation of the linkage number for the force lines of the 
frozen-in fields. 

Let us discuss the properties (l)-(3) in more detail. In hydrodynamic 
models, the freezing-in integrals can be derived from the Lagrnnginn 
invariants whose existence in dissipationless media is obvious. 
There are well-known examples of frozen-in fields, such ns (curl V)/p 
in a compressible ideal fluid, H/p in MUD, — (curl V„ - r ^H) 
in the two-fluid plasma model, etc. It is easilysecn that property (2) 
is fulfilled for all the above examples. The main properly of the fro- 
zen-tn fields, viz. the temporal evolution of the lines' of force of 
such fields, reduces to their convection by motion, i.e. the lines of 
force arc permanently attached to the medium. This phenomenon jus¬ 
tifies the term “frozen-in" for these fields. As shown above, proper¬ 
ty (3) results from properly (1) and is only introduced for conve¬ 
nience. 

Indeed, in physical terms, properly (3) means that an attempt 
to uncouple linked lines of force by medium motions would inevitably 
end in their intersection. Then at some spatial point there could be 
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defined two vectors tangential to both lines of force, this resulting in 
the violation of uniqueness of the field of a frozen-inquantftv 
11ns violation, nature ly, contradicts basic properties of’conlinu- 
ous media. However, it seems that such an unlinkagc could be per¬ 
formed by another me bod, viz. by considering not only the closed 
lines of force but also those lending to infinity. The simplest example 
of such a situation is the field II = tH 0 |1., r| - HJt.U - 1) hav- 
ing at l — 1 closed lines of force and at t = 0, straight lines tend¬ 
ing to infinity. Nevertheless, physically such a situation is meaning¬ 
less. Indeed, the process of unlinkagc should lie accomplished due 
to the motion of medium (6.1) yet, since velocities are finite, it 
requires on infinite lime. It is quite evident that such situations arc 
not to be studied since allowance for dissipative processes invali¬ 
dates the adopted model. A more rigorous justification of property 
(3) is associated with differential topology and may be formulated 
in terms of topological invariants 16.541, where tho infinite transi¬ 
tion time is not forbidden due to compactifying /?’ (therein- the tran¬ 
sitions from the closed lines of force to the unclosed ones via infinity 
arc forbidden). 

Xov. lot us return to property (2) that provides abundant infor¬ 
mation on freezing-in integrals. Physically. Ibis property implies the 
absent-.-' of the J-field charges. In other words, the lines of force of 
these fields can be cither dosed lines going to infinity or they can 
cover everywhere densely a manifold of dimension higher than 1. 
The kilter type of lines of force is most probable since it is related 
to the general case. Unclosed lines of force within a finite volume 
that are wound round a torus with an irrational ratio of rotation- 
frequencies is an cxamploof this type. In this situation the line of force 
forms a dense set oil T'. A more sophisticated behaviour has not 
been detected analytically, even though numerical results 16.581 
indicate the existence of lines filling in the whole domains of the 
spare It*. Information on the types of lines of force and their evolution 
in time makes it possible to use the advanced apparatus of the mani¬ 
fold foliation theory (6.59). this being the most conforming to the 
natural physical language of the problems under consideration. 
The partition of a manifold .1/" (of dimension n) into submanifolds 
(folia) of the same dimension k < n, that arc locally diffcomorphic 
to the partition of an /i-dimensional cube into parallel A-dimcnsional 
planes, is referred to as a foliation of dimension k. Foliations are 
exemplified by the lines of force of frozen-in fields (a one-dimensional 
foliation). Now let us clarify on which manifolds foliations will be 
of interest for physical applications. Boundary conditions pjay a 
prime role in the determination of a manifold. Since we arc inter¬ 
ested in localized solutions, this means that starting from a certain 
sphere (can be of an infinite radius) the field J lakes on a constant 

value J«. Upon identifying domain boundary pointsorsupplemcnting 

R* with an infinitelv removed point we obtain the three-dimensional 
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sphere S® while the field J transforms into a vector field Y tangen¬ 
tial on S 3 16.601. Let us stress the fact that the infinity point is no 
longer distinguished and so it is impossible to unlink the lines of 
force via infinity. As a result, a nontrivial topology emerges that 
is conserved over arbitrary time spans. Thus, below we consider one- 
dimensional foliations on 5® corresponding to the lines of force of 
the frozen-in fields of the localized solutions of hydrodynamic mod¬ 
els. Such foliations are determined by a non vanishing vector field 
(or by a direction field). The vector field Y defining a foliation on 5® 
simultaneously defines a mapping /f®U°° s $*-*■ 5®, (J/|J |)® = l. 
Therefore the classification of vector fields reduces to the classi¬ 
fication of mappings. If we consider mappings ns topologically non¬ 
equivalent if they cannot be reduced one into another by continuous 
deformation, we arrive at the notion of the homolopic classification 
of mappings (6.541. Such a classification of the mapping S 3 -*■ 5® 
is well known and is defined by the homolopic group n 3 (S*) = i 
16.541 (Z is the additive group of integers). This means that there 
exists a countable number of irreducible foliations. Whether a map¬ 
ping belongs in one or another homolopic class is determined by 
the value of the Hopf invariant (6.54). This invariant is defined as 
an integer H of the linkages of the pre-images of two points belonging 
to S 3 : 

H = it 1 (*), I- 1 (P)}, x, y 6 5®; /: 5® - S-, 


where {. . .} denotes the linkage coefficient that coincides, in the 
simplest case, with the number of times one contour goes around 
another and that, in the Euclidean space II 3 , can be calculated for 
two curves v, and y, as 


(V " 1 


H*-. (6.97) 

Thus, a countable number of the vector fields exists on 5® which 
c mutually irreducible . . 


a continuous manner. The above consul- 


koW cv «" ■»' " Xlodly field mid 




(6.98) 
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where tho quantities /, arc the Lagranginn invariants. J satisfies 
tho freezing-m equation and, with the coupling / (/, I , /,) = 0 
between Ute Lagrangian invariant / /„ /, the j-field is solenoidal 
(dit pJ 0). The relation /(/,/, / 3 ) = 0 determines a two- 
dimensional manifold M- whose temporal evolution reduces to a con¬ 
tinuous deformation by a motion. It can be easily understood if we 
take into account that /, are the Lagranginn invariants. Such de¬ 
formations preserve the topological structure of the manifold. Since 
M* con be a surface with edge or a closed surface of kind m 16.541, 
the kind of the manifold M 1 is the topological invariant. Now con¬ 
sider how the J- and I-ficlds are related. It can be easily shown that 
the level lines of the field I (i.e. x: I (i) = I # ) coincide with the lines 
of force of the J-field. Indeed, suppose that the field I (x) lakes on 
a constant value (I (x (5)) = I 0 along the line x = x (S). Let us cal¬ 
culate the vector product of J and of the tangential vector of this 
line, dx = jsdS, i.e. 


U . * 1,-2 

The directional derivative dx of the I-field vanishes, by the defini¬ 
tion x x ( S ), and, hence, 


IJ, dx] = 0. 


On the other hand, this relation coincides with the equation for 
the lines of force of the J-field. Hence, the line of force of the frozen- 
in J-ficld docs coincide with the level line of the I-field. Thus we ob¬ 
tain the mapping S 3 -*■ M 1 that puts a point on the manifold .l/ 5 (/„,) 
into a correspondence with the line of force of J. Returning to the 
homolopic invariant of the mappings S 3 -»■ S s (for .V* = S ! ) one can 
easily see its physical sense. The Hopf invariant coincides with the 
linkage coefficient of the lines of force of the frozen-in fields. 

It should be noted that the above classification of topological 
solilons is not complete. Indeed, two linked circles and a three-fold 
knot have the same Hopf invariant. For frozen-in fields, it is evident 
that a transition, in a continuous way, of one configuration of lines 
of force into another is impossible. Thus, within a single class of 
topological solilons having the some Hopf invariant, the lopologi- 
cally different configurations exist which cannot be transformed one 
into another. Physically, such an ambiguity implies that the notion 
of the homotopy of mappings does not adequately reflects the con¬ 
servation of the structure of the lines of force of frozen-in fields. 
Such lines arc deformed by a medium motion in a continuous way. 
without discontinuities and matchings, this meaning that more ade¬ 
quate is the following equivalence relation. Foliations are equiva¬ 
lent (i.e. thev arc mutually reducible due to a medium motion), if 
‘here exists a homeomorphism h: S* - S» such that h transforms 
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the folia of one foliation into those of another. Yet now this equiv¬ 
alence relation distinguishes between different types of knots, 
linked circles not being pairwise linked, etc. Thus, the classification 
of topological soli tons must also include the classification of the 
types of closed trajectories. In addition, the different types of lines 
of force arc realizable in a single solilon. Therefore the type of a 
topological solilon is determined by the Hopf invariant, by the num¬ 
ber of topologically independent classes of lines of force and, finally, 
by the type of lines of force belonging to each class. 

The most complicated classification concerns the types of lines 
of force, particularly, the types of knots and it is far from being 
complete. As is well known, now only loric knots are classified 16.62). 
Different types of topological solitons will be considered below. 


6.4.3. Examples of Topological Solitons 

Now we turn to the construction of topological solitons 
of different types. To do this, we construct one-dimensional folia¬ 
tions on S* whose folia arc the lines of force of the solitons under stu¬ 
dy. Since we are interested in topologically nontrivi;-l foliations, 
it is necessary to find foliations with linkages (which is possible, 
if the folia are closed). Let us begin with a somewhat more general 
situation. Consider a sphere S 3 embedded into It* with the coordi¬ 
nates (v,, 7s. 7 j- 7c) “ ?• Introducing for convenience the complex 
numbers Z, = q, + iq„ Z t = q 3 + iq 4 we describe the sphere by 


|Z.l l +|Z*l*=l. 

The folia of a one-dimensional foliation on S 3 will be defined via 
the following equivalence relation: (Z„ Z,)~ (Z(, Zj), ifZ,' = Z,e'">'. 
Z 2 = Z 2 e“‘•' (I £ R and o),, w, arc real numbers). Each equiv¬ 
alence class defines a one-dimensional folium on S 3 . It can be easily 
understood that, under commensurable w, and ®.. the foliation so 
introduced contains only closed folia, while under incommensurable 
“i ». almost all the folia arc unclosed, except of the two, (Z,. 0) 
and (0, Z-) : Con?equonlly, for any ®, and «... the foliation contains 
the folia with the same properties as those of the lines of force of 
frozen-in fields. This means that a vector field with such lines can 
be chosen as froze,,-, n quantity. It should be noted that the field 

r,Lr n | 'r <K ' C "k bc ""'".'P 1 '* 1 «" arbitrary nonvanishing 

* pr ? ce, . l " rc n°t change the topological 
« iT, / 7 0re »\^ n ! n,e 6 r »l curve in a neighbourhood of 

an arbitrary point (Z„ Z,) is described by the relation 

l (0 = (Z, exp (f®,t), Z, exp (i®,t)). 
which gives the relevant vector field 

Y (®„ ®,) = (-® I?I , ® rffi _ WAt ( 6 .99) 
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The field Y (“,, to.) admits a graphic physical inlerprelalion. 
Indeed, it coincides with the field of two uncoupled oscillators (Z, = 
ito,Z„ Z. = r'tUjZj) having the oscillation frequencies to, and 
respectively. Evidently, such a field is nonsingular and tangential 
to S 3 , i.c. Yq = 0. This circumstance is not a pure coincidence. 

Let us consider Hamiltonian flows in R*. As is well known, the 
phase volume is conserved for such flows, i.e. they are solcnoidal 
in II*. By virtue of the langcnlialily of the Hamiltonian field to S 3 , 
local coordinates have no radial field component and the divergence 
in II* reduces to that in the independent S 3 coordinates. Thus, the 
Hamiltonian flows, tangential to S 3 , conserve the volume in S 3 and 
hence their lines of force possess all the properties of those of frozen- 
in fields. This circumstance makes it possible to construct various 
examples of localized configurations of such fields (to be more exact, 
of the initial conditions for them). Returning to the above example, 
let us study the properties of the vector field Y ((•>,, to,). As a graph¬ 
ic example, we consider these properties not on S 3 but in a real 
physical space II 3 having the coordinates (x„ x t , x,). By mapping R 3 
into .S” : via the stercographic projection we gel 

«i--qSr. S.- 4 fg- (1-1. 2. » 

Next, .vc induce the mapping of the linear form to Y = Y a dq a (a = 
I. 2. .'I. i) defined on S 3 into the linear form toj = J,dx { on R 3 . 
Taking into account the fact that the linear forms ore invariant 
under the mapping 16.58, 6.63), i.e. 

Jfdx, = Y a dq„, 

and the langentialily of Y to S *, we obtain for J in R* the following 

expression: 

J = {— 2 (“ 1*5 + “5*1*3). 2 (“*■ — 

—“s(f —*J—*!+*?)}• 

The vector field J possesses, by construction, the same lines of 
force as those of frozen-in fields. Therefore, multiplying by a non- 
vanishing function (see the remark above) we obtain a purely vor¬ 
tical field 


J„ l0j = — + x , )t (- 2 (<o,x s +a,*,*,). 2 (“,*, - “.*1*3), 

-mi-*»-*;+*;)>• (6100) 
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passing to fl’ by means of the stereographic 
the following expression for the force line: 


*i (0 = 
*,(<) = 
x i (0 = 


2(x?cosai.«—*N° «M> 

1 -r i|+i t - xji cos <a,l+2*J sin 4>,l 

2(*icoso>it-*-xf sin <MI 

1 +x|+ (1—xji cos a>jt+2xJ sin «),< 1 

2xj cos <i>»l — (1 — xj) sin <%» 

l + x| + (1-^)cosu,i + 2xfsiD<o s ( ’ 


projection we obtain 


(6.101) 


where xj arc the /f’-coordi nates of the point (Z\, Z%). Eliminating 
time from (6.101) and using trigonometric identities one can easily 
show that these curves lie on stratified tori 


x] + (V x\ + x\-aY = a*-i, 

.—j-o+iaot+ja-"’ 

that are produced by the rotation of the circle xj -- (x, — a) 1 = a s —1 
around the x 3 -axis. The central torus degenerates into a circle 
with the coordinates x, = 0, x* -- xj = i. The lines of force wind 
round the tori with the rotation frequencies w, and «... This can be 
verified by passing to the angular coordinates defined on a torus. 
Thus, under incommensurable <•>, and <o t the field J U|U , has the 
unique closed trajectory x| — xj = 1 and all other lrajeclories every¬ 
where densely cover the tori while being unclosed. For the commen¬ 
surable <0| and <i) t (c.g. <■>, = m, <■>, = n arc relatively prime num¬ 
bers), the lines of force will be linked into (m, n) knots which at 
different (m, ») arc topologically nonequivalenl and form the known 
class of loric nodes (6.621. 

Next, we arc going to determine the linkage number of the lines 
of force using relation (6.97) and determining the topological soli- 
lon charge by the invariant 

I'= j’ 


However, hero the linkage number can be easily obtained from simple 
geometric considerations. Indeed, the central iinc of force is coupled 
with any trajectory on a torus («, = m, = n) mn limes, i.o. 
the topological chaise is equal to mn. Therefore, the analyzed field 
chosen as an initial condition exemplifies the topological soli- 
lons with any topological charge // = ±1, ±o ±3 whose 
lines of force form knots of type (mn), and for an irrational w,/o>. 
it provides an interesting example of a vortex with one closed line 


of force. 
Let 11 


stress that for o>, = m. <■>. = «> 1 and the topological 
in the solitons contain three classes of topologically non- 
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equivalent trajectories (a circle, a straight line tending to infinity, 
and an (mn) type knot) and for u, = to, = i, two classes of trajec¬ 
tories (a circle and a straight line). The above examples include soli¬ 
tons with coincident topological charges (<■>, = m, oj, = n, o), = 1, 
(i>! = wn) that belong nevertheless to different topological types 
according to the above classification. For each soliton type one can 
easily produce an antisolilon with the charge —mn, by changing the 
sign of one of the frequencies to the opposite one. Soliton-antisoliton 
interaction results in the plane parallel field ~(z,e, + x,e,) with a 
vanishing topological charge (e, and e, are unit vectors). 

The vortices corresponding to a, = a, = 1 were found by 
different arguments in 10.61, 6.631 for an incompressible fluid 
and MHD, respectively. In the general case, vortices with a t = n, 
a, = m have been found in |6.35|. 

Let us consider exact MHD solutions. For the stationary case, 
the basic system of equations is 
div V = div H = 0, 

(VV)H = (HV)V, (6.102) 

<W)V-£.<HV)H--|v(f+£). 


where H is the magnetic field. The partial solutions of this system 
corresponding to the motions along the lines of force of the magnetic 
field H are known: 


V = ± 


H 

t4np)>/» ' 


(6.103) 


This rotation is the specific MHD version of the one-parameter class 
of the solutions of the freezing-in equation that exists for all hydro- 
dynamic models: 

J = cV. (6.104) 


This class of motions contains topologically nontrivial configurations. 
Moreover, for localized motions this very class is of utmost inter¬ 
est. The point is that under stationary conditions the J- and V- 
fields commute, and two commuting fields, tangential to S’, must 
be linearly dependent 16.641. 

The fields J„ |U , constructed above are exact solutions of the 
system of equations (6.102) and in terras of dimensional variables 
they lake the form 

H ~ '- 2 (“' Lx ‘ + “i*■**), 2 Ll ' ~ 

-0) t (L J -xJ-i; + j;)). (6-105) 

where L is the vortex characteristic scale. The qualitative structure 
of the solutions has been discussed in detail above. All the cited 
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soliton types possess finite macrocharacterislics (total energy £, 
Moffalt’s invariant /*) 


= 8n 


i (<*>;+mp 


(6.106) 


These relations show that solitonswith the same topological charge 
mn but with different types of the lines of force, (m, n) and (1. mn), 
have different energies 

(E mn ~ (m» + n a ), m,, ~ (1 + mV)). 


mB > £ m . n . i.e. favourable in energy terms is a soliton with 
lines of force of (m, n) type, as compared with a soliton with lines 
of force of (1, mn) type. Other examples of exact MHD solutions 
can be obtained by taking into account the above mentioned rela¬ 
tion with Hamiltonian [lows. 

An example of a topological soliton of a more complex type is 
presented by the field H (6.105), with o>, = / (1 + x* - 2y*I + if) 
(j is an arbitrary function). The choice of this function affects the 
winding frequency oi, when passing from one torus onto another. 
Here the soliton contains the lines of force of different (m, n) types 
that occur intermittently with tori having the irrational ratio of 
winding frequencies. These solitons are also the exact solutions of 
the MHD equations. 

We have considered the solitons that exist in all hydrodynamic 
models. In particular, the soliton with o>, = <■>, is the exact solu¬ 
tion of systems of equations for a compressible Quid, two-compo- 
nent plasma model, and incompressible fluid. 

In conclusion we present the topological solitons as the exact solu¬ 
tions of two-fluid plasma hydrodynamics. 

In this case relation (6.104) is replaced by the following system 
of equations: 


curl V a -)- <m C a n a V a 


(6.107) 


Supplementing (6.107) by the Maxwell equation 

curl H = i5- 2 * 0 n„V a (6.108) 


in the incompressible case we obtain a closed system of equations 
that describes stationary flows and fields with a "generalized holi- 
city'’. 

We shall search for II and V B in the form 
H = curl curl (xV) + curl (xq>), 

V„ = curl curl (x^J + curl (x<t> a ). 


(6.109) 
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f. ys , te S t 1 ’-™?) «nd (0.108) wc derive equations that define 
the potentials 'K, q>, F a , 4> a : 

AF a + C a n a <t> a = <p, <D a = C a n a P a - is^- 

4T + f-S«.».®.-0. ,4J, A r.. (8 " 0) 

Eliminating <p and <I> a wc obtain 

if. + OSF .-^ (c.n.r + fi. 2 , m f,), 

if--? V+T-S^lf.-O. (6.111) 

Tf'^s-Sr- 

The simplest specific solutions of (6.111) can be easily found by 
assuming that F a = b a P, V = v.F (6 a , x are some arbitrary con¬ 
stants). The consistency condition for (6.111) yields the system of 
equations for 6 0 and x: 

SW.-S6. 

,6 ' m| 

while the system of equations (6.111) reduces to the single equation 
AF + pF = 0. 

This equation contains p that can be either positive or negative- 
depending on the C a values (for more detail, see(6.31l). In the spher¬ 
ical domain, at P > 0, the solution has the form 


F = Pf-Wt/, (p'/*r) cos 0. (6.113) 

By selecting the boundary conditions 

<P‘'U!) - 0, m, - - f„* ^ (pi'-fl)), 

one can match the resulting solution with that of the external prob¬ 
lem (even in the absence of plasma outside a sphere of radius R) 
having a field constant at infinity. Lines of force and stream lines 
are wound round a family of embedded tori (Fig. 6.8). On on outer 
torus nonvanishing are only Vo a and H o components of the field nnd 
velocity. 

The overwhelming majority of lines of force of magnetic field and 
of plasma stream lines, when in a closed volume (r < R), aro wound 
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round tori with an irrational ratio of rotation frequencies. The topo¬ 
logical invariant (6.94) is nonvanishing, this indicating the topolog¬ 
ical nontriviality of the relations obtained. The magnetic field con¬ 
figuration in the obtained vortex coincides with that of the well- 
known MHD vortex 16.651. Similar vortices can exist in plasma 



Fig. 6.8 


Dows, where two cases as dependent on C a are possible, when V x 
aud V , at the boundary have the same or opposite directions. In 
the latter case such vortices can be observed in counter-current 
flows of ionic and electronic plasma components. 
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Sell-Oscillations and Auto-Waves 
in Chemical Systems 

A.M. Zhabotinskii, D. Sc. (Phys.-Math.) 


7.1. INTRODUCTION 

In this section, homogeneous systems with isothermic 
chemical reactions will be considered. Only some 25 years ago it was 
a widespread opinion that insuch systems the only possible station¬ 
ary modes were steady states in which variables (concentrations of 
intermediate compounds) were independent of time and space coor¬ 
dinates. Now it is known that such systems allow transitions from 
some steady states to others, arbitrary periodic self-oscillations, 
chaotic self-oscillations, periodic and other non-uniform distribu¬ 
tions of concentrations in space, and travelling concentration waves. 
Usually, two simplest experimental situations are used for theo¬ 
retical analysis and interpretation of results obtained. The first con¬ 
cerns a well-stirred reactor, where hydrodynamic and diffusion 
processes are intense enough to provide an averaging over space. 
Here mathematical models are essentially systems of ordinary differ¬ 
ential equations corresponding to the scheme of chemical transfor¬ 
mations 


/-<.*■ pa) 

where A ( ’s are compounds and a ( /s, fS ( /s are stoichiometric coef¬ 
ficients. According to the mass action law, the transformation rates 
of the compounds A t correspond to each stage in (7.1) as follows: 

(, - 2 > 

where C , a M,).’ In a closed system the complete scheme (7.1) 
is described by the system of equations 

Cj-SHO,, t = i ." ( 7 - 3 ) 


In chemical systems, the k, and C, values differ by many orders of 
magnitude. Therefore the model (7.3) has a hierarchy of time scales. 
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To reveal nontrivial dynamic modes needs to have no less than three 
scales 

* = e/(J?. n, u), 

n=g(R, n, u), (7.4) 

eu = h(R, n, it). 

Usually, in place of the model (7.4) we study its asymptotics 
R = R„ 

n=g(Rf n, u), (7.5) 

0 =- * (/? 0 , n. it). 

Often a continuous-flow stirred-tank reactor (CSTR) is used. Then 
the model (7.3) is replaced by 


c,=S»%+<*(Ci*-c.). 


(7.6) 


where d is the exchange rate and C , 0 are the transformed concentra¬ 
tions in an external tank (the majority of the C la values are zeros). 

Spatial effects are usually studied in reaction-diffusion systems, 
where the only transfer process is molecular diffusion. Such systems 
are modelled by the quasi-linear parabolic equations 

i§ ~HC. a)+DiC, (1.1) 

where the matrix of the diffusion coefficients D is usually diagonal. 


7.2. EXPERIMENTAL STUDIES 

Belousov 17.11 has discovered the first of the reactions 
which have permitted to obtain the majority of spatial and temporal 
modes. The different versions of this reaction were realized and stud¬ 
ied by the author 17.21. The reactions of this type (BZ reactions) 
turned out to be extremely suitable for various dynamic experi¬ 
ments. 

The BZ reactions proceed in an acid water solution. In the course 
of these reactions bromate (HBrO,) oxidizes various organic com¬ 
pounds by means of a metal ion redox catalyst. The conventional 
scheme of chemical transformation in these reactions was proposed by 
Field, Koros, and Noyes IFKN) 17.31. Here we present the modified 
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version of the FKN scheme, with the reducing agent in the form of 
malonic and/or bromonialonic acids 

H*+Br-+HBrO, a HOBr-f HBrO„ 

H* + Br-+HBrO, a 2HOBr, 

H’+Br+HOBra Br,+H,0, 

HBrO,+HBrO, a 2BrO,+H,0. 

BrO,+M*°*+H*a Me<»*'>*+HBrO., 

2HBrO, a HBrO, + HOBr, 

Me( n *>)* + CHBr ( COOII', a CBr (COOH),-+.Me»*+H*, 

CBr (COOH'J + H,0 — COH (COOH);+H* + Br-, 

Mat"*')*+COH (COOH) J — CO (COOH),+H* + Me"*, (7.8) 

COH (COOH)J + CHBr (COOH), a CHOH (COOH),+CBr (COOH);, 
Met«*')*+CH, (COOH), a CH (COOH);+Ma«*+H*, 

Me(»*')*+CH (COOH);+H,0 — CHOH (COOH),+ Me»* + H\ 

Met"*’)+CHOH (COOH), a COH (COOH);+Me"*+H*, 

CO (COOH), — OCHCOOH+CO,, 

HOBr+CH, (COOH), — CHBr (C00H:,+H,0. 

Br,+CH, (COOH),—CHBr (COOH),+H*+Br-. 

HOBr+CHBr (COOH), — CBr, (COOH),+H,0. 

Br,+CHBr (COOH', — CBr, (COOH‘,+ H*+Br*. 

The quasi-stationary concentration method of the reduction of the 
model (7.8) provides the following model of the (7.5) type for a 
closed system, with the initial reducing agent being bromomalonic 
acid: 

u = - kjiu (C-x) + k_,yx+2k,Ay - 2A. 4 u», 
y = k t Hu (C—x) —k. } yx - M»tM ! 

+ k { HAz—k t Hyz— 2k,y*. (7.9) 

x-k,Hu(C— x)—k.,yx — k,Bxl(k, + (C— x)), 
z = — k,HAz — k.Hyz 4- qk,Bxl(k,-\ (C—x))+k,B, 

where 

u— (BrO,|, y=|HBrO,|. i=|Mat**‘)*|. 

,- IB r-|. C-|Ma»*|+|Me(»*')*l. 

A«=|HBrO,|, B *= (CHBr (COOH),|. 
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When Ihc catalyst is in the form of complex ions—ferrophenan- 
throlin, the model (7.9) can be simplified to a third-order system 
-with respect to x, y, z and even to the second-order system |7.4| 

-57 = n — «T=J • 

<7i0) 

*=ci. y =r &c ^''• 

The model (7.10) has the S-shaped zero-isocline of the fast variable 



Fig. 7.1. Phase plane of the model (7.10) and limit cycle cor¬ 
responding to relaxation self-oscillations (7.4). 

(Fig. 7.1) and within the self-oscillation domain its solutions are 
relaxation oscillations that quantitatively fit experimental data. 


7.2.1. A Well-Stirred Reactor 

When DZ reactions proceed in a closed system, self-oscil¬ 
lations are generally observed in a closed domain of the concentra¬ 
tion space of initial reagents (Fig. 7.2) 17.51. Relaxation self-oscil¬ 
lations usually take place inside this region. The domain boundary 
has a complicated structure: in one zone the harmonic low-amplitude 
self-oscillations are observed (supercritical Hopf bifurcation) 
(Fig. 7.3), in other zones we delect complex self-oscillations (Fig. 7.4) 
and a finite-amplitude break (subcritical Iiopf bifurcation). A closed 
system is inconvenient for studying the modes susceptible to the 
small drift of parameters. Therefore stationary modes either induced 
by a periodic external force or in a vicinity of high-codimcnsion 
singularities, where bifurcation cascades lake place, are studied in 
CSTR’s. 




« \A/WWV 

«JvjvAAAKK 

n WVWWWVW' 

Fig. 7.3. Shape of sell-oscillations versus parameters: (a), (6), 
(c) change in shape when moving along the vertical fine in Fig. 7.2a; (<f) 
quasi-harmonic oscillations at the domain boundary. 



Fig. 7.4. Complex self-oscillations in a BZ reaction. 

Tito cross sections of the parameter space demonstrating the posi¬ 
tions of different modes domains are shown in Figs. 7.5 and 7.6 |7.6, 
7.71. The complex oscillation modes including a bursting gener- 
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Fig. 7.6. Cross sections ot Ihe BZ reaction parameter space 
revealing the relative position o( the domains of self-oscillations ( 0) and 
bistability (fl) [7.7). .4/, and M , are the monostability regions. 



Fig. 7.7. Bursting self-oscillations in a B7. reaction 17.8). 


ation fFig. 7.7) were induced by the ultraviolet irradiation of a 
reaction solution [7.81. An intermittent irradiation was used to syn- 




7. Self-Oscillations and Auto-Waves in Chemical Systems 169 




Fig. 7.8. Beats due to a periodic external forcing of chemical 
self-oscillations (7.9): (a) quasi-harraonic oscillations; (6) relaxation oscilla- 


. p ' . C. . P, , C, , P, . C, . P, , C 4 . P, . C, 
(a) 



Fig. 7.9. Alternation of periodic and chaotic modes in a BZ reaction 
■under a chango in flow rate (7.141: (a) x - V/V, where V is the reactor volume 
and C V 3 is the flowrate. P.'saretho periodic oscillationscomposednf one large-am¬ 
plitude cycloand (l—l) small-amplitude cycles. C,'s are the chaotic oscillations, 
and P'.'s aro the periodicsraall-amplitudeoscillations; (6) chaotic oscillations 
in the rogion C,: /—potential versus time. 2—two-dimensional cross section 
of phase spaco. 3 —the Poincaro mappings along the straight line shown in 
the preceding figure. 


chronize the self-oscillations by a periodic external force 17.91. 
Synchronization bands were observed at three first harmonics of the 
natural frequency, while beats appeared near band boundaries (Fig. 7.8). 
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Of great interest is the study of chaotic modes 17.10, 7.11). 
change in the flow rate (<f in the model (/.O)) results in a sequence 
of periodic and nonperiodic modes |7.12-/.wl (rig- i-J). In this 

figure, Pt's are the simple relaxation self-oscillations of large ampli- 
lude ( L' ) while P['s are thequasi-sinusoidal oscillations of small am¬ 
plitude, S'. P,'s denote the periodic self-oscillations with one relax¬ 
ation cycle (L) and (i - 1) quasi-sinusoidal cycles ( S) per one 
period (P.^S'-'L 1 ). At the boundaries P,C, and P M C, the se¬ 
quences of doubling bifurcations are observed which result in chaos 
17.151. Within the intervals C, there arc the "gaps” of periodic oscil¬ 
lations with the periods nT„ where n = 3, 4, 5, . . ., 10. Each gap 
is bounded from below by a cascade of period doublings and from 
above, by inlermittency. The remaining part is filled by stochastic 
oscillation modes 17.15, 7.16). 

Under certain conditions in this system limit tori are observed 
17.171. 


7.2.2. A ReacHon-Difiualon System 

The majority of experiments were performed in two- 
dimensional systems, viz. in thin solution layers. In addition, quasi- 
one-dimensional and three-dimensional systems were studied. In 
some cases, to prevent convection, inert gelformers or porous fillers 
were used. 








Fig. 7.11. Concentration travelling waves propagating from a 
leading centre in a BZ reaction. 



Fig. 7.12. Formation of spiral waves 
front of a travelling wave [7.201. 


following a|break in the 
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Fig. 7.13. Spiral 


with topological charge 2 and 3 (7.221. 
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All spatial struclures observed in BZ systems were composed of 
travelling waves. Single and periodic travelling waves were ob¬ 
served that propagated from pacemakers. Tho latter con bo external 
sources or stationary inhomogeneitiesin a medium 17.18) (Fig. 7.10). 
It was shown that under certain initial conditions in an initially 
uniform medium there could arise loading centres, i.e. point exci¬ 
tation sources with an increased frequency which gonorale periodic 
travelling waves 17.19) (Fig. 7.11). 

A break in the travelling wave front induces spiral waves in a 
two-dimensional medium (Fig. 7.12) 17.20, 7.21). A special tech- 



<*) (SI 16) 

Fig. 7.15. Drift of lh» front break induced by hick-freqiiooey 
plane waves (7.251. 

nique makes it possible to produce multi-arm spiral waves (Fig. 7.13) 
17.22). Twisting the free edge of the two-dimensional wave front 
that propagates in a three-dimensional medium results in the for¬ 
mation of scroll waves 17.23, 7.241 (Fig. 7.14). The wave velocity in 
a BZ system is about 0.01 cm/s. Single plane waves have the max¬ 
imum velocity. The velocity of periodic travelling waves decreases 
with diminishing period due to refractoriness. There exists a mini¬ 
mum period below which a stationary propagation of periodic waves 
is impossible. There arise oscillations in the front velocity or peri¬ 
odic loss of pulses. Wave fronts of finite curvature propagate slower 
than plane ones. There is a maximum front curvature above which the 
stationary propagation is impossible. 

A wave collision lends to annihilation (Figs. 7.10 and 7.11). The 
collision point of two periodic wave sequences moves towards a source 
with a larger period and with the average velocity 

r = V T^' <7-H> 

where V is the wave velocity and T, > T, are the periods of sources. 
In a two-dimensional medium the collision of periodic piano waves 
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\vi III a spiral one of a I nrger period results in the gradual disappearance 
of the spiral wove. However the front break inducing the latter 
docs not vanish and drifts under the action of the periodic waves 
(Fig. 7.1o). If the poriodic plane waves vanish before the break 
roaches the medium boundary, the spiral wave restores 17.251. 

Until now in reaction-diffusion systems the stationary Turing 
structures 17.261 has not been observed. 


7.2.3. Other Chemical Systems. Search for and Design 
of Chemical Oscillators 

The above dynamic modes were observed in a great num¬ 
ber of chemical systems that ore less suitable for experimentation 
than HZ reactions. 

Recently many chemically different oscillatory reactions have 
been observed 17.27-7.34). Most interesting arc a systematic search 
for and design of chemical switches and oscillators based on the 
scheme proposed by Boissonadc and Dc Kepper (7.35, 7.361. Their 
approach demonstrated the efficiency of the modem theory of bi¬ 
furcations in chemical kinetics (see below). It was shown that if 
in a closed system the reaction proceeded with a self-acceleration, 
then in an open system a bistability was observed. This generally 
means that the slow-manifold surface has a cusp. To excite oscil¬ 
lations needs to Dnd the cusp point and pass through the latter along 
the parameter. If beyond the cusp point the oscillations do not arise, 
they can be produced by adding on appropriate reagent which pro¬ 
vides a slow feedback. 

In Epstein’s laboratory and elsewhere several families of such 
chemical oscillators wero obtained by this technique 17.37-7.391. 


7.3. THEORETICAL STUDIES 
7.3.1. A Well-Stirred System 

Prior to systematic experimental studies of chemical 
oscillations the theory of oscillations has been well developed and 
the qualitative features of main modes have been revealed. The only 
new dynamic object discovered theoretically recently is the strange 
attractor. 

Therefore theoretical studies in this field were mainly conducted 
in the following three directions: .... 

(1) The development of mathematical models based on the sim¬ 
plest plausiblo chemical schemes. .... 

(2) The design of chemical oscillators based on simpler non-oscil- 
latory reactions. 
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(3) The construction of mathematical models of concrete chemical 
oscillators. 

The third problem is not typical of the theory of oscillations and 
represents a standard problem of simulating complex systems. 

Solving two other problems was hampered by the high complexity 
of chemical systems, as is illustrated by the simplified scheme (7.8). 
These systems include dozens of intermediate compounds and ele¬ 
mentary stages whose rale constants arc often unknown even by 
order of magnitude. 

This is why until recently the theoretical and experimental studies 
of chemical oscillations were alienated. Oscillatory reactions were 
detected by chance or produced by trivial modifications of well- 
known versions. 

Theoretical studies have been limited to the analysis of the sim¬ 
plest phenomenological schemes the most known of which arc the 
following: 

(1) The Lolka-Volterra oscillator (7.401: 


A +x — 2x, x + y -*■ 2y, y 
x = k t Ax — kfiij, 
y = k t xy — k$. 


(7.12) 

(7.13) 


2. The Prigogine-Lefcvcr Brussclalor 17.411: 
A-*-x, * -*■ y, 2x 4- y -*■ 3x, x -*■, 
x = k t A — (A, 4- k 4 ) x -f kji-y, 
y — kfX — kft'y. 


(7.14) 

(7-15) 


These models ns well as their modifications with additional chem¬ 
ical stages, flow-through terms, diffusion coupling, etc. wore the 
su bjoet of numerous papers dedicated to the studies of switching, 
self-oscillations, bifurcation sequences, spatial periodic structures, 
waves, noise effects, etc. 

The models like (7 12) and (7.14) arc, in a certain sense, inter* 
,1 lc : Thcs . c nr e abstract schemes governed by the mass action 
law that can be obtained from more general schemes which satisfy 
"" requirements to real chemical systems. However, they 

arc neither models of any concrete real system nor normal forms. 


7.3.2. Models of Enzyme Reactions 

u r appeared “LuTi"*'”. ££ 

"i'S”,"* 1 :' 10 r° bta ’ n *“! y “;“p“ 
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(1) The enzyme concentration is generally less than the concentra¬ 
tions of substrates and eflectors. This at once singles out the small 
parameter 



where e is the total enzyme concentration and S is the substrate 
concentration. The complete system of equations proves to be divid¬ 
ed into a subsystem of slow variables, viz. the concentrations of 
substrates and effectors, and into a subsystem of fast variables, viz. 
the concentrations of enzyme-ligand complexes including that of 
a free enzyme. 

(2) Usually, enzyme molecules do not interact with each other, 
therefore the subsystem of fast variables is both linear and stable 
and the method of quasi-slationary concentrations (singular asymp¬ 
totic) is applicable directly and without limitations. The fast vari¬ 
ables arc rational functions of slow variables. 

(3) As a rule, an enzyme molecule has many centresof binding small 
molecules, therefore the formation of muililigand complexes is a 
much widespread phenomenon in enzyme catalysis. This ensures 
the appearance of fairly complex expressions in the right-hand sides 
of relevant equations. 

The simplest case of the appearance of an instability in enzyme 
reactions is due to the substrate inhibition, i.e. due to the formation 
of an inactive complex of an enzyme with two substrate molecules 
17.421: 

S t ^±S, S+E^SE^-E+P, SE+S^SES. (7.17) 


This scheme gives the system of four first-order differential equa¬ 
tions which can be reduced to the single equation 


where 


do 

dt 


'■ — V° l + o + YO* ' 


a = S/K m , t = k a et/K m , e = E+ES+SES, 
a o»A/V. $ = k. i KJk, e , 

V = K m kjk. t , K m -(k. t +k,)lky 


(7.18) 


Figure 7.16 shows the dependence of o„ i.e. of the stationary value 
of o, on a. It is seen that there is a domain with three steady stales 
that’is enclosed between two bifurcation values of the parameter a. 
When these values are attained jump transitions take place. It can 
be easily seen that if one of the parameters is transformed into a 
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slow variable so that in a new system the only steady state would 
be in the unstable part of zero-isocline doldx — 0, then in the Dew 
extended system self-oscillations will arise. In experiment this situa¬ 
tion can be realized, e.g. due to the inhibition of an enzyme reaction 




by its own product. Let us add to the scheme (7.17) the formation 
of the complexes with a product P as well as the reaction of the 
product removal: 

E + P fl PE ’ E S+P±P*S, SES+P^PSES, P—. (7.19) 
Then we shall obtain from the model (7.18) the new one 17.421 

(7 20) 

XP= tl+o+Y<>*)(l+P> — 
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.... . . FI*- 7.17. Sel(-oscillaliOD3 in an enzyme reaction with the in¬ 

hibition by substrate and product: (a) the zero-isoclines of the model (7.20): 
7, J—monostability; 2— self-oscillations; 4— bistability; (4) the shape of 
self-oscillations in tho model (7.20). 

where 

p = Pk t /k .„ 6 = MWV. * = k. s lk s K m . 

The positions of zero-isoclines in the phase plane of the system (7.20) 
that correspond to different modes and the shape of self-oscilla¬ 
tions at x.1 are shown in Fig. 7.17. 


7.3.3. The Behaviour of a Chemical System 
in a Vicinity of the Critical Point 
After the First Loss of Stability 

Conditions providing one simple asymptotic model with¬ 
in the whole phase space of an initial model in enzyme systems are 
not, unfortunately, satisfied in the majority of chemical systems. 
In these systems the subsystems of fast motions arc generally non¬ 
linear and they often differ in different regions of the initial phase 
space. However, in a vicinity of critical points any model can be 



200 


A. M. Zhabollnikll 


reduced to a universal (normal) form 17.441. At an arbitrary point 
of the parameter space a chemical system is usually in a stable steady 
state. When the parameters are changed, this state can lose its sta¬ 
bility. As a rule, this stability loss occurs via one of two ways: 

(1) Saddle bifurcation, when one eigenvalue X passes through 0. 

(2) Oscillatory bifurcation, when the real part of one pair of com¬ 
plex-conjugate Vs posses through 0. 

Most often in the stable steady state of a chemical system all 
X,’s are real and, as a rule, arc quite different in absolute value. 
As a rule, the absolute value of a maximum negative X m is compar¬ 
atively small so that near a steady state the system behaves as a 
one-component system. This property is most often conserved dur¬ 
ing bifurcation, i.e. the latter is of saddle nature. 

In a vicinity of a saddle bifurcation dynamics is described by the 
single equation 

if = e« + e,y+a t jf*+a J !/ 3 -|-..., (?21) 

e.*Vn. | e„ | as ej. 

In a real chemical system saddle bifurcation must resuI' in establish¬ 
ing a new finite steady state. Hence, the singularity cannot be 
a single fold, but should be at least a double one, i.e. a hysteresis 
must be observed here. Bather often, by a search in the parameter 
space, it is possible to find a cusp point, where Eq. (7.21) has the 
following form: 

y = e, + e,y - y> (7.22) 


Then, by moving along another parameter in a vicinity of the cusp 
point, one can find a domain where another component becomes 
slow and in this case the Hopf bifurcation can appear (7.361 


y-a,+e,y-y»—z, 
z = x(p-x) 


(7.23) 


Oscillatory bifurcation arises in (7.23) at x < e, (Fig. 7.18). 
As indicated above, several families of new chemical oscillators have 
been designed by this approach. 

Figure 7.18 shows that on the right of the point e. = 1 there is 
a narrow zone, where bistability and oscillations coexist. Hence, 
by introducing another slow variable it is possible to obtain com- 
plex limit cycles, limit tori, and strange attractors. 

As a nile, a chemical system possesses a sufficient number of 
controlled parameters. Therefore after the first loss of stability it 
is often possible to reach a vicinity of a highly degenerated critical 
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Fig. 7.18. Relative position of the domains of biatabilitv and of 
aelf-nsc illations in the model with the cubic nonlinearity: 0— oscillations; 
M— monosUbility; B— bistability. 


point where various dynamic modes exist. Naturally, under Ihese- 
conditions the dynamic behaviour of different systems is qualita¬ 
tively the same. Thus, e.g. the same sequences of complex-periodic 
and chaotic modes were observed when changing the flow rale in BZ 



Fie 7.19. Stochastic self-oscillation* in a three-component sys¬ 
tem with an S-shaped quaei-eUtionary surface. 


reactions above) and in lb. chlorite extdelion re.cUon ol thie- 
sulDhnte 17 451 These sequences are described by different versions 
of the [hricomponenl model with an 

face (Fig. 7.19) and appropriate quastK.nc-dimenswnal Pomcar* 
mappings (Fig. 7.9) 17.10, 7.14, 7.16, 7.46. 7.471. 
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In general, two and three-component models with an S-shaped zero- 
isocline are sufficient for the qualitative description of practically 
all the phenomena observed in chemical reactions. 


7.3.4. Auto-Wavea and Bifurcations 

in Reaction-Diffusion Systems 

Unlike the theory of point systems, in the early 1960s 
the theory of reaction-diffusion systems was practically absent. 
Only the propagation of a single front in a one-component bistable 
medium was adequately studied 17.48-7.501. Also known was the 
work by Turing on diffusion-induced instability 17.261. A single 
pulse propagation was not adequately studied even at the qualita¬ 
tive level. Therefore, to begin with, of interest was the qualitative 
problem, i.e. what spatio-temporal modes could exist in such media. 
Such an analysis can be performed in a rather general form in a vi¬ 
cinity of bifurcation points. 


7.3.5. Supercritical Bifurcations 


Both the type and stability of auto-wave solutions were 
analytically studied in a vicinity of the soft loss of stability by a 
uniform steady slate. Usually a perturbation has the form 

C = U exp (Of + /Ax). (7.24) 


It is seen that an instability can have a saddle (Q is real) or can be 
of oscillatory nature (Q = a ± too). Besides, instabilities can ap- 
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■ ■ F1 S- 7 - 20 - Dispersion curves after passim; through the point of 

the loss of the uniform steady slate stability: (a) short-wave aperiodic instability; 
<4) long-wavo oscillatory instability; (c) short-wave oscillatory instability- 


pear at k c = 0 (long-wavo bifurcation) or k t 0 (short-wave bi¬ 
furcation) (Fig. 7.20). Out of these four cases we shall consider the 
following three: 

(1) Aperiodic short-wave instability (Turing bifurcation). 

Here the system s behaviour can be described by the generalized 
Ginzbiirg-Lnndau equation for the complox amplitude of unstable 
inodes 17.51): 

U, = U + tkU — | U |* U, 


(7.25) 
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whose stable solutions are stationary periodic profiles. The ampli¬ 
tude of the first harmonic of the solution is, as usual, proportional 
to the square root of supercrilicality: 


C = a YQ exp ( lkx)+ . 
<? = x *—(1 —**/«)*. 


(7.26) 


It should be once more notod that until now Turing structures have 
not been observed in experiments performed in reaction-diffusion 
systems. 

(2) Long-wave oscillatory bifurcation. 

Such a bifurcation is described by the Ginzburg-Landau equation 
with complex parameters 17.51, 7.521: 


U, = U + (1 + IP) dU - (1 - icc) | U |* U. (7.27) 


Its basic stable solutions are the travelling waves 
U = a/ exp l<(«+P Wt + ffcrl-f ... . (7.28) 


Besides, the model (7.27) provides the local sources of run-away 
waves (7.28). However, leading centres are unstable (7.53, 7.541. 
In the region of leading centres a smooth change in the wave vector 
takes place (Fig. 7.21). 



i vicinity o( a 

as r —*- oo 17.54) 

U = aV l^Fexp {<[Ar-(«+P)* l *+ A, 1 , » + - • (7,29) 

where N is the topological cl '« r 8*; . 

(3) Short-wave oscillatory bifurcation. 
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This bifurcation can appear 
no less than three components, 
equation is (7.55): 


in a reaction-diffusion system with 
The corresponding Ginzburg-Landau 


U, - — U — (2 + X*) Atf - A *U 

+ ;p (U + At/) — I U |* U + ia | U |* U. (7.30) 


Here the solutions will be amplitude- and phase-modulated waves 
U = exp (t<p) la sin (x + 6) + ib cos (x + 6)1 +. . 

(7.31) 

where 

q> = kx + <et, 6 = qx + 0t 


are the phases slowly varying with respect to the coordinate (k c 
1, q Cl). The special cases of these solutions are unmodulated 
and amplitude-modulated travelling waves and standing waves. 
The latter were detected as pulsations of combustion or detonation 
fronts (7.56). Until now modulated and standing waves have not 
been obsorved in experiments performed in reaction-diffusion media. 

An analysis near bifurcations will exhaust the diversity of the 
qualitative behaviour of these systems. However, the comparison 
of theory and experiment often calls for an analysis to he performed 
far from critical points. First, the region where the theory of bifur¬ 
cations is effective can be too narrow in the space of real parameters. 
Second, the auto-wave nature of quasi-harmonic solutions manifests 
itself only in boundless media while transition processes in such 
systems are very slow as compared with the characteristic times of 
the auto-waves themselves. 

At the same time, in relaxation systems the parameters of auto¬ 
waves cease to be dependent on the dimensions of a medium when 
the latter become comparable, by order of magnitude, with wave¬ 
length and the duration of transition processes becomes shorter than 
main oscillation periods. 


7.3.6. Relaxation Systems 

In this case, use is made of the basic model: 


t x x = /(x, p) + T,f),Ax, 

t,V = g (*. v) + W*, 


(7.32> 


with the S-shaped zero-isocline / (■) = 0 (Fig. 7.22). The ratios 
of the squared characteristic times and lengths. 


a — xjx t , p = t J)Jx,D y , 


(7.33) 



ly. and self-oscillations. 


can be varied over wide limits. Given ft « 1, the solutions will 
be the stationary profiles with the steep fronts of the variable x. 
These profiles are called contrast dissipative structures 17.57). There 
can exist both periodic profiles and single fixed pulses (Fig. 7.23). 



Fig. 7.23. A contrast stationary periodic structure. 


The case of a <1, p > 1 corresponds to the experimentally stud* 
icd chemical reaction-diffusion systems while the case of a <1, 
D,, — 0 corresponds to the propagation of nerve impulses. These cases 
have been studied in great detail (7.58). 

The simplest solution is a stationary travelling pulse, fn the phase 
space of the system with the moving coordinate (5 = n — Ft), a 
closed trajectory that passes through the singular point of saddle 
type corresponds to this pulse. Usually there exist several such 
trajectories and, accordingly, several different pulses (Fig. 7.24). 

In a system with single pulses, periodic travelling waves can also 
propagate. They can be represented as limit cycles arising from an 
asymptotic trajectory of a single pulse when the parameter V chan¬ 
ges. As a rule, the velocity of the periodic waves diminishes with 
decrease in their period. Below a certain period value the stationary 
propagation of simple periodic waves becomes impossible. Then, 
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as follows from an analysis, complex-periodic modes appear (Fig. 7.25). 
All these results as well as the nature of transient processes ore in 
a good agreement with experimental data. 



Fig. 7.25. Complex-periodic trains of travelling pulses emerging 
after the loss of Hie uniform periodic mode stability. 


In principle, the systems of type (7.32) admit the propagation of 
stochastic waves. 

The solutions of the model (7.32) in the form of spiral waves were 
obtained and studied both analytically and by computer 17.59, 
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l ht S obt , oi ?f d • un ' form two-componont model 17.57] 
turned out to be unstable. At the same time a spatial parametric 
non-uniformity easily gives rise to a stable heterogeneous leading 
centre, i.e. to a pacemaker. The substitution of tlio parameter by 
a slow variable that is appropriately related to fast variables pro- 
vides a stable iead mg centre in a three-component homogeneous sys¬ 
tem 17.571. 

As a main result of the theoretical research on reaction-diffusion 
systems during the last decade, the methods have been developed 
to analyze both weakly nonlinear and very stiff systems which are 
the generalizations of the relevant methods of the classical theory of 
oscillations. 

In addition to the qualitative reproduction of the modes known 
experimentally, auto-wave solutions are obtained that until now 
have not been observed in reaction-diffusion systems. These solu¬ 
tions include stationary concentration profiles, standing, modulated 
travelling and stochastic waves. The search of these types of auto¬ 
waves is the immediate task for cxperimentois. 


7.4. 


CONCLUSION 


At first self-oscillations and auto-waves in chemical sys¬ 
tems received attention as the samples of the counter-intuitive self- 
organization in au initially uniform medium. It took a lot of 
time to establish the concept of macroscopic ordering whose sym¬ 
metry elements were absent at the microlevel. Meanwhile, chemists 
understood the specific features of reaction mechanisms giving rise 
to the oscillations and now chemical oscillations and auto-waves 
hold their position among similar phenomena arising in highly non- 
equilihrium dissipative systems (7.61, 7.62). It is clear now what 
combinations of elementary stages lead to the first instability 17.63, 
7.641 and how one should move within the parameter space to reach 
new bifurcations and to produce novel modes. 

What will be tho role of these studies in future? First, chemically 
active media are instrumental in verifying theoretical works on auto- 
waves. Besides, such studies arc used to analyze the mechanisms and 
to develop the methods of treating heart arrhythmia, epilepsy, and 
a number of other diseases. 

Second, these studies arc indispensable in ensuring the stability 
of operation of chomical and biochemical reactors. As follows from 
the very nature of bifurcations, these arc related to the extrema of 
certain functions and often the appearance of an instability is due 
to optimizing the reactor operation. The operation of chemical reac¬ 
tors in oscillatory and other nonslalionnry modes can yield a sub¬ 
stantial profit. Similar modes of operation have been used in prac¬ 
tice in some individual cases, and, undoubtedly, they will find wide 
application in future. 
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Auto-Waves in Biologically Active Media 

V. I. Krinskii, D. Sc. (Phys,Math.) 


8.1. INTRODUCTION 

Auto-waves [8.1-8.31 ore typical of strongly nonlinear 
active media. Among these arc self-sustaining signals which ini¬ 
tiate the processes of local release of energy stored in an active me¬ 
dium and spent to drive analogous processes in adjacent regions. 
The examples are combustion waves, phase transition waves, con¬ 
centration waves in chemical reactions as well as various auto-wave 
processes in animate nature (nerve impulse, excitation waves in 
cardiac muscle, ecological waves of epidemy spread, waves in brain 
cortex) which attach much importance to the studies of auto-waves. 

Since auto-waves propagate at the expense of the energy of an active 
medium and the wave energy is not conserved, some fundamental dif¬ 
ferences exist between auto-waves and well-studied waves that 
propagate in ordinary (conservative) media (Table 8.1). Propagating 

Table 8.1. Properties ot Waves and Auto-Waves 


auto-waves conserve their amplitude and shape while the amplitude 
of ordinary waves decays rather fast with distance and their shape 
is drastically distorted by dispersion. Auto-waves arc not reflected 
from medium boundaries and obstacles. Two colliding auto-waves 
usually do not propagate through one another, as do waves in con¬ 
servative media, but annihilate and this effect explains the absence 
of their interference As can be seen from Table 8.1, the only com¬ 
mon property of both kinds of waves is their capability to diffract. 
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In the simplest case, alter Iho propagation of an auto-wave an activo 
medium is in a low energy state. As a result, the wave can ntn through 
it only once, as is exemplified by combustion waves. Such media 
have been studied for a rather long time |8.d, 8.51. Much more inter¬ 
esting are active media with regeneration, i.e. those with slow pro¬ 
cesses that bring an active medium from a low energy slate (due to 
the auto-wave propagation) back to a high energy state. In such a 
medium several auto-waves can propagate one after another. The 
simplest example of an auto-wave in an active medium with regenera¬ 
tion is a long-term propagation of a combustion wave in steppe 
(considered over periods of more than one year). Here burnt grass 
again grows and can be set on fire. Active media with regeneration 
are widely used by animate nature, as exemplified by nerve fibers, 
cardiac muscle, neuron ensembles, cells of nonstriated muscles, etc. 


8.2. MATHEMATICAL DESCRIPTION 

A wave in a medium without regeneration can be de¬ 
scribed by one equation 18.5) 

+ (8.1) 


For the above example of a combustion wave, u is the temperature, 
I is the lime, u = / (u) is the kinetic equation that describes the 
process at an isolated point, and the term DAu takes care of the ther¬ 
mal diffusion from adjacent regions. For media with regeneration, 
the second (as a role, slow) variable is added that describes the re¬ 
generation and a minimal description requires two equations. The 
system (8.2) describes the behaviour of an isolated point while the 
system (8.3), a distributed medium: 



(8.2) 

1-fr -»<“•'). 


(■£—/<*. »)+o.a«. 

(8.3) 

(-£■-»(», »)+o.4». 



where, for steppe fire, u is the temperature and t> describes grass 
growth. For a nerve impulse, u is the potential on the membrane of 
a nerve fiber, v is the current of potassium ions that brings the mem¬ 
brane potential back to the initial value. For an active chemical me¬ 
dium (e.g. the oxidation Belousov-Zhabotinskn reaction 18.01), u 
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Fig. 8.1. Impulses and waves in the system (8.31: (.1 1 phase plane, 
(6) impulse generated by the system (8.2). The trajectories OA and BC are im¬ 
pulse fronts (fast motions). AB and CO are the plateaus (slow motions), (c) 
impulses in n ono-<limon3innal medium described hy the system (8.3), (d) 
the schematic of a plane wave propagating in a two-dimensional medium. Re¬ 
gions corresponding to the medium stales in a vicinity of AB arc heavily shad¬ 
ed ("excited atato"). in a vicinity of CO', half-tone shaded ( reiractory stale"), 
and in a vicinity of 00' ("rest") are unshaded. 

is the concentration of the oxidized form of catalyst and v is that of 
the inhibitor. For waves in cardiac tissue, the interpretation of the 
variables in (8.3) is the same as for a nerve impulse yet the Lapla- 
cian A, unlike the nervous impulse, is now two- or even three-di¬ 
mensional. 

Of crucial importance here is the fact that principles underlying 
the propagation of auto-waves in active medio of physical, chemical 
and biological nature are the same and thus can be described by a 
common language. In all instances an active medium is a two-level 
system. When an auto-wave propagates, a transition from a high 
energy level to a low energy one takes place and then slow pumping 
processes bring the medium back to the high energy level. Equations 
that describe active media of different nature turn out to be of the 
same type. This is the partial differential Eq. (8.3) of the parabolic 
type and the relevant lumped-parameter system (8.2) has a self- 
oscillatory or, in the most interesting cases, excitable kinetics. In 
these cases u proves to be tho fast variable. i> is the slow one and the 
phase plane of the system (8.2) turns out to be of the van der Pol 
type (Fig. 8.1a). an impulse generated by it is shown in Fig- 8-16- 
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local sources of auto-waves 


8.3. 

of auto-waves hwin^twrttaarv d ^. B C *r fonn local sourc ® 
interest. These sources can arise durinoThe'* 3 nrouses Particular 

waves through a non-uniform active m^iL m 7? rOP ! 88 v ,on of au,<> - 

certain specific mechanisms of the . • 8 ' 7 - and th,s resul,s in 

STA.TST.- 5 



(b) 


. . Fig. 8.3. Initiation of a spiral wave from a break: (o) the initial 
position of the wave, {») wave position in a short time interval di (heavyline), 
the latter is constructed, according to Huygens's principle, as the envelope of 
the circles of radius u it, where t> is the wave velocity. 


ing vortex in which the wave shape resembles the Archimedean spi¬ 
ral 18.91. Reverberators, naturally, arise in non-uniform media, 
where propagating waves can break 18.7). A plane wave in a two- 
dimensional medium is schematically shown in Fig. 8.Id and the 
wave break in n non-uniform medium, in Fig. 8.2. In moving the broken 
wave (Wave 2) logs behind the preceding one and the break begins 
to contact the regions where regeneration processes are over. This 
enables the excitation wave to propogate also into these regions. 
Constructing by means of Huygens's principle the successive posi¬ 
tions of the wave front one can see that the break begins to roll into 
a spiral 18.101 (Fig. 8.3). 



2(4 
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Figure 8.4 shows a rotating vortex reverberator in diflerent active 
media: computer-assisted simulation of a medium specified by Eqs. 
(8.3), a cliomically active medium, a culture of the social amoebas 
Dielyotlelium discoideum, in eye retina, and in cardiac tissue. 

In addition to rotating vortices, active media admit other types 
of aulo-wavo sources, in particular, leading centres of different nature 
emitting concentric waves. If in an active medium several auto- 



Fig. 8.5. A reverberator deslructs the source ot a concentric wave 
in a chemically active medium |8.2|. 

Fla. 8.6. Wave pictures at Ihe initial stages of developing chaot- 
ic modes m active media: (o) computer-aided simulation of n non-unilorm me- 
iHum prescribed by the Wiener model |8.3|. ((,) a chemically active medium 
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Fig. 8.7. Reverberator breeding on a non-uniformity (a chemically 
active medium) (8.2|. 

wave sources exist simultaneously, then emitted waves will anni¬ 
hilate on collisions (sec Table 8.1). Due to this effect an auto-wave 
source of the highest possible frequency suppresses the remaining 
ones (8.7, 8.81. The reverberator possesses the highest frequency 
of all local auto-wave sources, hence it sets the pace of the whole 
medium and, in particular, suppresses concentric sources (Fig. 8.5). 

The most important feature of rotating vortices in active media 
is their ability to breed. If a reverberator rotates in a non-uniform 
medium, waves emitted by this reverberator, after break on non¬ 
uniformities (Fig. 8.2), can produce new reverberators (Fig. 8.3). 
As a result of the chain breeding reaction the characteristic scales of 
the wave picture decrease and the whole medium will be filled in by 
the fragments of rotating vortices. The resulting chaos outwardly 
reminds of a small-scale turbulence (Figs. 8.(i. 8.7). although here 
underlying mechanisms are of a substantially different nature. 

8.4. CARDIAC DISORDERS 

The nbovc properties of vortices in active media, i.e. 
their ability to arise during a wove propagation in anon-uniform 
medium, to suppress other wave sources, and to breed, make it 
possible to understand basic mechanisms underlying some grave 
disorders of heart work 18.8, 8.18). If a vortical wave source (rever¬ 
berator) arises in heart, it inhibits the normal heart pacemaker (SA- 
node). the heart rate jumps and hemodynamics abruptly deterio¬ 
rates. This lakes placo under paroxysmal tachycardia, a severe heart 
arrhythmia, as was shown in experiments on animals [8.13. 8.16, 
8.354? .38). 

The chain reaction of reverberator breeding on non-uniform 
parts of cardiac tissue results in another grove pathology, the fibril- 


lation of heart ventricles. During the fibrillation the contraction 
of myocardium cells desynchronizes and heart is no longer a liv¬ 
ing pump but a chaotically twitching muscular bag that can¬ 
not pump blood. This is the heart anologue of the turbulent auto- 
wave mode of operation. 

8.5. MATHEMATICAL SIMULATION 
OF AUTO-WAVE SOURCES 

What we presently know about auto-wave sources and 
their properties dales bock to attempts to comprehend the mecha¬ 
nisms of cardiac muscle action. The first mathematical work in this 
area was performed in 1946 by the well-known mathemat ician Wiener 
and by Roscnbluclh, Director of the Cardiology Institute in Mex¬ 
ico 18.9). Studies of active media were continued in 1964-IUCli by 
participants of a seminar organized by Gcl’faml (Moscow). They dis¬ 
covered basic mechanisms of initiating auto-wave sources and in¬ 
vestigated their properties in formalized models of active media of 
the Wiener type. Further, of great importance were computer as¬ 
sisted studies of active media prescribed by Eqs. (8.3) (sec a review 
in 18.3)). As a result of an interplay between this research branch 
and studies of the mechanisms of an oscillatory chcmico) reaction 
discovered by Belousov in 1951, a chemically active medium was 
developed (see 18.111). 


8.6. A CHEMICALLY ACTIVE MEDIUM 

A chemically active medium is a thin (Imm thick) solu¬ 
tion layer, with the Belousov reaction proceeding in it. In this reac¬ 
tion the oxidnlion of a substrate is initialed and then inhibited by 
one of oxidation products so that only about one percent of substrate 
per one run is oxidized. Therefore in the solution the oxidation wave 
can travel about a hundred limes. It is blue against a bright red 
background. This medium was developed by Zaikin and Zhabolin- 
skii (8.19) and then was modified by Winfrce 18.201. 

A chemically active medium is the first experimentally studied 
instance of an active medium with regeneration. It makes it pos¬ 
sible to demonstrate all basic properties of auto-waves (Table 8.1) 
and of auto-wave sources predicted by theory. This medium turned 
out to be the most convenient experimental' object to demonstrate 
and study auto-waves. Biological specimens of active media, suitable 
for experimental studies of aulo-waves, were constructed later (see 
Fig. 8.4). The photographs of spiral rotating waves which organize 
the morphogenesis process for the social amoebas Dietyostelium dis- 
coldeum or the maps of rotating vortices in rabbit auricle under ex¬ 
perimentally induced paroxysmal tachycardia are now the famous 
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8.7. NEW AUTO-WAVE MODES 

One of the basic problems in the new, rapidly developing 
science of auto-xvaves ,s a search for new auto-xvave modes of op¬ 
eration. For practical applications of fundamental importance is the 
development of methods to control auto-wave sources (experimental 
possi In 11 tics of preventing spontaneous ini lialion of auto-xvave sources, 
the inhibition of the rale of the chain reaction of their breeding, 
the control of their position in an active medium, of their move- 
mcnls across the medium, and of their interactions (see also Fig. 8.5)1. 

I o solve these problems the following techniques are available: 
(I) Analytical studies of the solutions of the simplified versions 
of l-.qs. (8.3). 

ill) Computer-aided simulation. 

>•’) Experimental simulation of auto-wave media. 

Adequately developed analytical techniques are available to study 
a relatively simple case—a weakly nonlinear medium, where the 
solutions turn out to be quasi-harmonic 18.21-8.271. Yet the main 
problems and difficulties arise in strongly nonlinear media. 


8.8. AUTO-WAVE SOURCES 

IN THREE-DIMENSIONAL ACTIVE MEDIA 

Among the above cited problems of most importance are 
those of auto-wave sources in three-dimensional aclixc media. Here 
a vortex rotates not around a point, as in the txvo-dimensional case, 
but around an axis (a thread of singularities) xvhich can be intricately 
arranged in a three-dimensional space. The topological aspects of 
this problem xvere explored in 18.281. The major experimental data 
on the evolution of vortices in three-dimensional media 18.201 can 
be explained using a simple hypothesis that in an active medium the 
thread of a vortex is flexible. Note that the thread Oexibilily is a 
xvell established fact for vortices in conservative media (‘He, super¬ 
conductors, etc.), where it follows from the energy minimum principle. 
The latter cannot be formulated for active media, where the xxave 
energy is not conserved. Hoxvever, computer-aided calculations show 
that in a relaxation system a toroidal vortex contracts (“thread flex- 



ibiliiv"), and. in addition, it drifts in the perpendicular direction 
18.291. This eBccl can be analyzed analytically for weak relaxation 
systems. In particular, the evolution of the radius R of a toroidal 
vortex is described by the equation 18.301 

dR.'dt - DIR 


{for a nondispersivc /. — o> system). It shows that the contraction 
rate of the vortex thread is proportional to its curvature. The sim¬ 
ilar problems for relaxation systems remain to be studied. 


8.9. THE EFFECT OF MEDIUM PARAMETERS 

ON AUTO-WAVE SOURCES 

An important class of problems is studies of the effect of 
medium parameters on auto-wave sources. Figure 8.8 demonstrates 
experimental possibilities for changing the characteristic sizes of 
reverberators. It is seen that the wavelength and the size of a rever¬ 
berator core can be increased almost by the order of magnitude when 
changing parameters corresponding to a decrease in excitability 
(an increase in threshold) of an active medium. 



Figure 8.9 presents data on the reverberator period obtained with 
three different objects: numerical simulation within the Fitz-Hugh- 
Kagumo model, cardiac tissue, and a chemically active medium 
It is seen that qualitatively these dependencies are of the same na¬ 
ture, i.e. the reverberator period (as well as the size of the reverbera- 
tor core not indicated in the figure) increases with the active medium 
excitability decreased. 
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Fig. 8.9. The dependence o[ the period o( waves emitted by a 
reverberator on the active medium excitability: (a) the Fili-HuRh-Nagumo 
model (8.171, (6) heart |8.1G|. (c) a chemically active medium (8.1S|. 


Note that the studies of the parameters of auto-wave sources (in 
particular, of more simply measurable parameters, i.e. the period 
and its change under different pharmacological effects) find wide 
application in the development of techniques for the differential 
diagnostics of the mechanisms of heart arrhythmias 18.10). 


8.10. AN ANOMALOUS REVERBERATOR 

One of the new auto-wave modes discovered in the last 
years in two-dimensional active media is an anomalous reverberator 
(8.171. It is known that in the centre of a normal reverberator there 



Fig. 8.10. Normal (at and anomalous (6) reverberators (computer- 
aided simulation). Dashed line shows a region where excitation does sot pen¬ 
etrate at all (8.17). 

is a core, i.e. the region where forced oscillations take place. Their 
amplitude smoothly decreases from unity (auto-wave amplitude) 
down to zero and the zero amplitude is detected only at a single 
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point, i.e. in the core cenlrc. An anomalous reverberator (Fig. 8.106) 
is characterized by the fact that the oscillation amplitude is zero 
within a whole region that is generally fairly large in size. 

In the anomalous reverberator, at the boundary with the central 
(rest) region, the wave has a critical curvature and thus cannot prop¬ 
agate inside. However, in this region too, the elements of medium 
conserve normal excitability (unlike the core of a normal reverbera¬ 
tor). This can be easily verified if during the rotation of the reverber¬ 
ator one induces an external perturbation: a propagating wave is 
excited which encloses the entire central region although the rever¬ 
berator wave could not enter the latter. The anomalous reverbera¬ 
tor arises when the most different parameters of active media are 
changed which leads to a decrease in medium excitability (or to an 
increase in the medium threshold). 


8.11. THEORETICAL STUDIES OF REVERBERATORS 

As has been mentioned above, analytical studies of re¬ 
verberators in strongly nonlinear (relaxation) media present sub¬ 
stantial difficulties. Nevertheless, for relaxation media, where the 



erberator with the topological cl 


size of the reverberator core exceeds the diffusion length, an approx¬ 
imate theory 18.31) based on the Greenberg transformations [8.321 
was constructed to study basic reverberator characteristics (period, 
core size) as dependent on the medium parameters and a transition 
from a normal reverberator to an anomalous one. 

,, ,°' v ' s ° me ««'°;r v c mo<lcs wi, l •>« shown which still challenge 

theorists. Ftgure 8.11 presents a set of frames of a rotating vortex 
with topological charge ;V = 3 in a chemically active medium [8.331. 
It is interesting that these multi-arm vortices turned out to be stable 
and were observed for more than half an hour, as opposed to well- 
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known data onmulli-arm vorticesinconservative media ( 4 He, super¬ 
conductors, etc.) which are always unstable and decay into simple 
?o o-i * st “ b, ' ,ly °t multi-arm vortices was analyzed theoretically 
18.2/1 yet only for a very simple and not-true-to-life case, a weakly 
nonlinear active medium without dispersion (in such media vortices 
are simply rotating straight lines!). Note also that presently known 
solutions of reaction-diffusion equations for a vortex with a topo¬ 
logical charge A assume that the vortex as a whole rotates as a rigid 
body 


u = F (A O, r). 


(8.4) 


where 0 and r are the polar coordinates. However, it wassliown exper¬ 
imentally (Fig. 8.11) that wave dynamics proves to be much more 
complicated then the dynamics described by Eq. (8.4), viz. waves 
in the vortex core are joined together (in Fig. 8.11a the first and sec¬ 
ond waves are joined, in Fig. 8.116, the second and third, in 
Fig. 8.11c, all three). 

The experiments with chemically active media discovered an 
important phenomenon, i.e. the enforced vortex drift 18.341. It was 
shown that if a vortex is acted upon by external waves with a fre¬ 
quency (/,) higher than the vortex rotation frequency (f r ) then the 
vortex slowly drifts receding from the external wave source. The 
drill velocity can be described by the empirical formula 


t>, at r d - /„//,) 


(8.5) 


ami it is small as compared with the velocity of wave propagation 
in a medium (o) and it rises with increase in the external wave fre¬ 
quency (Jo). Using this effect one can both control the vortex position 
in an active medium and develop new approaches to control heart 
arrhythmias. Note that a rigorous (based on the solutions of Eqs. (8.3)) 
theory of this effect is still absent. 


8.12. CONCLUSION 

In conclusion it should be noted that the auto-wave me¬ 
chanisms of initiating structures, their interaction and chaos develop¬ 
ment (see reviews in (8.40-8.461) form only a small part of studies 
concerned with non-equilibrium systems, self-organization and syn¬ 
ergetics (8.43-8.45, 8.47-8.491. However, as can be seen from the 
above examples, these studies compose a rather pithy part of this 
developing science, with its problems lying at the interface between 
oscillation theory, the theory of strongly nonlinear waves, and 
initiation of structures. 
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